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Abstract 

We consider mixed Hodge module structures on GKZ-hypergeometric differential systems. We 
show that the Hodge filtration on these 25-modules is given by the order filtration, up to suitable 
shift. As an application, we prove a conjecture on the existence of non-commutative Hodge structures 
on the reduced quantum 25-module of a nef complete intersection inside a toric variety. 
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1 Introduction 

This paper deals with Hodge structures on certain hypergeometric differential systems, also known 
as GKZ-systems (see, e.g., 1GKZ901 IAdo94] i. They occur in various places in mathematics, notably 
in questions related to mirror symmetry for toric varieties. We have shown in our previous papers 
IRS151 IRS12| how to express variants of the mirror correspondence as an equivalence of differential 
systems of “GKZ-type”. 

However, an important point was left open in these articles: The mirror statements given there actually 
involve differential systems (i.e., holonomic 25-modules) with some additional data, sometimes called 
lattices. These are constructed by a variant of the Fourier-Laplace transformation from regular holonomic 
filtered 25-modules. In [Rcil4l . the first named author has shown that certain GKZ-systems actually 
carries a much richer structure, namely, they underlie mixed Hodge modules in the sense of M. Saito (see 
[Sai90j 'l. The filtration in question is the Hodge filtration on these modules, but a concrete description 
of it is missing in [RS15t ; RS12] , As a consequence, the most important Hodge theoretic property 
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of the differential system entering in the mirror correspondence was formulated only as a conjecture 
in |RS12] (conjecture 6.13): the so-called reduced quantum T>-module, which governs certain Gromov- 
Witten invariants of nef complete intersections in toric varieties conjecturally underlies a variation of 
non-commutative Hodge structures. We prove this conjecture here (see Theorem I4.6|l . it appears as 
a consequence of the main result of the present paper, which determines the Hodge filtration on the 
GKZ-systems. More precisely, as GKZ-systems are defined as cyclic quotients of the ring of (algebraic) 
differential operators on an affine space, we obtain (Theorem 13.3011 that this Hodge filtration is given by 
the filtration induced from the order of differential operators up to a suitable shift. 

Let us give a short overview on the content of this article. The main result is obtained in two major 
steps, which occupy the sections two and three. First we study embeddings of tori into affine spaces 
given by a monomial map hs ■ (C*) r ^ C s ; (ti,..., t r ) >-» (t- 1 ,... ,t-»), where = rifc=i and 
where the matrix of columns B = (& i ) i=lj s satisfies certain combinatorial properties related to the 
geometry of the semi-group ring C[INH]. We consider the direct image 7^°(/iB* p Q^.») r ) in the category 
of mixed Hodge modules, and calculate its Hodge filtration ('Theorem 12. 2 111 . If the matrix B we started 
with satisfy an homogeneity property, then the underlying D-module of this mixed Hodge module is 
a (monodromic) Fourier-Laplace transformation of the GKZ-system we are interested in. It should be 
noticed that Theorem 12.211 is of independent interest, its statement is related to the description of the 
Hodge filtration on various cohomology groups associated to singular toric varieties. We plan to discuss 
this question in a subsequent work. The main point in Theorem 12.211 is to determine the canonical 
F-filtration on the direct image module along the boundary divisor im(hB)\im{hB) : i.e., the calculation 
of some Bernstein polynomials. 

The second step, carried out in section three consists in studying the behavior of a projectivized version 
of the above mentioned direct image module under the so-called Radon-transformation. It is well-known 
(see |Bry86| and IDE03I ) that there is a close relation between Fourier-Laplace transformation and Radon 
transformation of holonomic "D-modules, however, the former one does not a priori preserve the category 
of mixed Hodge modules whereas the latter does. This fact is one of the main points in the prove of the 
existence of a mixed Hodge module structure on GKZ-systems in IReil4i . We calculate the behaviour 
of the Hodge filtration under the various functors entering into the Radon transformation functor, an 
essential tool for these calculations is the so called Euler-Koszul-complex (or some variants of it) as 
introduced in |MMW05l . The last part of section three deals with the Hodge module structure on the 
holonomic dual GKZ-system (which is, under the assumptions on the initial data, also a GKZ-system). 
In section four we explain the above mentioned conjecture from IRS 12] and show how its proof can be 
deduced from our main result. 

While working on this paper, a recent preprint of T. Mochizuki f |Mocl5] l appeared where IRS 121 Con¬ 
jecture 6.13] is shown with apparently rather different methods. 

To finish this introduction, we will introduce some notation and conventions used throughout the paper. 
Let X be a smooth algebraic variety over C of dimension dx • We denote by M(T>x ) the abelian category 
of algebraic left Tby-modules on X and the abelian subcategory of (regular) holonomic Tbf-modules by 
Mh(T>x) (resp. ( M r h(T>x))■ The full triangulated subcategory in D b (T>x), consisting of objects with 
(regular) holonomic cohomology, is denoted by D b h {T>x) (resp. D b h {T>x)). 

Let / : X — > Y be a map between smooth algebraic varieties. Let M £ D b (T>x) and N £ D b (Vy ), then 
we denote by 


f+M := Rf* [fD Y <—a' <S> M) resp. f + M := D x ^y <S> / X M[d x - dy} 

the direct resp. inverse image for 2?-modules. Recall that the functors /+,/ + preserve (regular) holo- 
nomicity (see e.g., (HTT081 Theorem 3.2.3]). We denote by B : D b h (T>x) —> (D b h (Vx)) opp the holonomic 
duality functor. Recall that for a single holonomic Hx-module M, the holonomic dual is also a sin¬ 
gle holonomic (Dx-module (' [HTT081 Proposition 3.2.1]) and that holonomic duality preserves regular 
holonomicity ( |HTT08l Theorem 6.1.10]). 

For a morphism / : X —> Y between smooth algebraic varieties we additionally define the functors 
/( := D o / + o D and /f := ID) o /+ o B. 
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Let MF(T>x) be the category of filtered T>x -modules ( M,F ) where the ascending filtration F m satisfies 


1. F p M = 0 for p -C 0 

2. Up F P M = M 

3. ( F p V x )F q M C F p+q M for p e Z> 0: q <E Z 

where F m T>x is the filtration by the order of the differential operator. 

We denote by MHM(X) the abelian category of algebraic mixed Hodge modules and by D b MHM{X) 
the corresponding bounded derived category. The forgetful functor to the bounded derived category of 
regular holonomic D-modules is denoted by 

Dmod : D b MHM(X) —> D b h (V x ). 

For each morphism / : X —> Y between complex algebraic varieties, there are induced functors 

/*, f\ : D b MHM(X) —> D b MHM(Y) 

and 

/*, f : D b MHM(Y) -» D b MHM(X ), 

which are interchanged by D and which lift the analogous functors /+• /}■■ / , f + on D b h (V x ). 

Let <Qp t be the unique mixed Hodge structure of weight 0 with Grf = Grf = 0 and for i ^ 0 and 
underlying vector space Q. Denote by ax '■ X —> {pt} the map to the point and set 

Qx := a xQpt ■ 

The shifted object := bes in MHM(X) and is equal to ( Ox,F , Q.vfdjf], W) with Gr£ = 0 

for p ^ 0 and Gr = 0 for i ^ d .We have ~ o ! Y Q^ and, since X is smooth, the isomorphism 

mx-^x{dx)[2d x ]. (1) 

Here (dx) denotes the Tate twist (see e.g., [Sai901 page 257]) 

2 Hodge filtration on torus embeddings 

Let B be a (r x s)-integer matrix with columns (b^ ..., b s ), satisfying 

S 

ZB ■.= = % r 

i=1 

and set b 0 := 0. We will sometimes associate to the matrix B the homogenized matrix B with columns 
ki '■= (1, bj) for i = 0,..., s. Notice that ZB = Z r+1 holds and that the matrix B is pointed, by which 
we mean that 0 is the only unit in the semigroup fNi?. 

The matrix B gives rise to a map from a torus T = (C*) r with coordinates (ti,... ,t r ) into the affine 
space W = C s with coordinates Wi,. .., w s : 

h B -T —>W 
(h,...,t r ) (t- 1 , - - -, t- s ), 

where := nL=i tfj 1 * ■ Notice that the map h B is affine and a locally closed embedding, hence the direct 
image functor for Ftp-modules (h B )+ is exact. 

The aim of this section is to give a presentation of ( h B ) + Or as a cyclic Dw-module and to compute 
explicitly its Hodge filtration as a mixed Hodge module. 
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2.1 Torus embeddings 

Definition 2.1. Let /3 £ C r . Write L b for the Z -module of relations among the columns of B and write 
Dw for the sheaf of rings of algebraic differential operators on W. Define 

Mb := / ((OiheiB, (-®fc + Pk)k= i,...,r) , 


where 


E k := ^ b k id Wi Wj for k = l,...,r 

i =1 

i=wel b == n w r - n ■ 

mi>0 mi<0 

We will often work with the D^-module of global sections 

M 0 b := T(W,Mg) 


( 2 ) 


of the X>w-module M : g. 

Remark 2.2. Notice that Mg is just a Fourier-Laplace transformation (in all variables) of the GKZ- 
system M^ (of. Definition . 

The semigroup ring associated to the B is 


C[M B] ~ € [w]/ ((□ 22 ,) 226ILb ) , 

where C[w] is the commutative ring C[wi,..., w s ] and the isomorphism follows from |MS05l Theorem 
7.3]. The rings C[w] and CpNR] are naturally Z r -graded if we define deg (wj) = b ? for j = 1,, s. This 
is compatible with the Z d -grading of the Weyl algebra D given by deg(d Wj ) = —bj and deg(wj) = bj. 

Definition 2.3 i |MMW05l Definition 5.2). Let N be a finitely generated Z r -graded C [w\-module. An 
element a £ Z r is called a true degree of N if N a is non-zero. A vector a £ C r is called a quasi-degree 
of N, written a £ qdeg(N), if a lies in the complex Zariski closure qdeg(N) of the true degrees of N via 
the natural embedding 7L r C r . 

Schulze and Walther now define the following set of parameters: 

Definition 2.4 (' [SW090 . The set 


S 

sRes(B) := |^J sReSj(B), 
o =i 

where 

sResj(B) := {(3 £ (7 | /3 £ -(IN + 1 )b j - qdeg(C[^B]/( Wj ))} 
is called the set of strongly resonant parameters of B. 

Notice that Schulze and Walther SW’O!) use the GKZ-system Mg and the convention deg(d\ j ) = by 
We will use Mg and deg(wj) = bj instead. 

For a pointed matrix B Schulze and Walther computed the direct image of the twisted structure sheaf 

OrtP := Vt/Dt ■ (d tl ti + /3i, ■ • ■ d tr tr + Pr) 


under the morphism hs- 
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Theorem 2.5 C ISW091 Theorem 3.6, Corollary 3.7). Let B a pointed (r x s) integer matrix satisfying 
XB = X r Then the following are equivalent 

1. /3 £ sRes(B). 

2. Mg ~ {h B )+ (O t £P). 

3. Left multiplication with Wi is invertible on Mg for i = 1,... ,s. 

In this section we want to generalize the implication 1. =>■ 2. to the case of a non-pointed matrix B. 
Notice that if we start with a (not necessarily pointed) matrix B which satisfies XB = XT then its 
homogenization B is pointed. 


Consider now the augmented map 

h § :T —>W 

(t 0 , ■ ■ ■, t r ) (->• (t 0 tr °, t 0 t-i,..., t Q t -‘), ( 3 ) 

where T = (C*) r+1 and W = C s+1 with coordinates wq, ..., w s . Let Wo be the subvariety of W given by 
wo ^ 0 and denote by ko : Wq —> W the canonical embedding. The map hg factors through Wo which 
gives rise to a map ho with hg = ko o ho- We get the following commutative diagram 


h 


B 


T 


T 



W 


(4) 


where n is the projection which forgets the first coordinate and no is given by 

no- Wo —>W 

(w 0 ,wi,... ,w s ) M- (wi/w 0 , ■ ■ -,w s /w o) . 

Lemma 2.6. For each fio G Xi we have an isomorphism: 

u°((hg) + o T f) ^n°[(7r 0 ) + k+ ((h s ) + o f #°’«)). 

Proof. We show the claim by using the following isomorphisms 

U 0 h B+ O T t p ~ ■U 0 h B+ n 0 ir + O f t ( - fio ’P ) ~ U°(h B ) + Tt + O f t {M) ~ H a (TT Q )+(ho) + O f t^ 0 ’ p) 

- n\no)+k+(ko) + (ho) + O f t^ ~ H°(7ro)+k+(hg) + O f t^ . 

The first isomorphism follows from the fact that n is a projection with fiber <D*, the second isomorphism 
follows from the exactness of (h B )+ and the fourth by the fact that fco"(fco)+ — 

□ 

Proposition 2.7. Let B be arx s integer matrix satisfying XB = XT and let j3 £ XT with /3 ^ sRes(B), 
then TL° ((h B )+C>T tf) is isomorphic to Mg 

Proof. The proof relies on Lemma 12.61 and the theorem of Schulze and Walther in the pointed case. 
Notice that we can find a fto £ X with /3 0 >> 0 such that (/3o,/3) ^ sRes(B) by [ Reil4 i Lemma 1.16]. 
Consider the following map on Wo'. 

f:W 0 —>WxC* Wo 
(wo, . ..W n ) ((wo, Wi/wo, ■ ■ .,Ws/w 0 ) 
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together with the canonical projection p : W x C^ o —> W which forgets the last coordinate. This 
factorizes ttq = p o /, which gives 


n 0 ((h B ) + OTt s ) -H° (b„) + ((%)+«? (<«»■'»)!_) =: Ji°(p + /+ 


The P-module 'H 0 /+(-M^ 0 ’^)|vv o is isomorphic to % x C^/^o where Iq is generated by 


□meiB = II “C - Y[ w i 

i:rrii> 0, i:rrii< 0, 


and 

r 

Z 0 = d Wo w 0 + po and E k = ^ b ki d Wi Wi + fi k 

2—1 

Hence P°/ + (.A4^ 0 ’ /3 })|^ o is isomorphic to ^^Cj, o /(^iu 0 ' u; o + /?o) as a P-module. We therefore have 
H° (p + f + (M^) lWo ) (p + H°f + (M^) lWo ) ^n a P+ (M 0 B ®V c . wo /(d wo w o + Po)) ^ M P B . 


□ 


2.2 V-filtration 

As above let B be a r x s integer matrix s.t. T*B = Z r . In this section we additionally assume that the 
matrix B satisfies the following conditions: 


MB = Z r n R>oH , (5) 

where H>o-B is the cone generated by the columns of B and that the interior int{MB) = IP n (]R>o-B) 0 , 
where (R>oH)° is the topological interior of R>oP, is given by 

int(MB) = IN B + c for some c £ 1NP . (6) 

The condition © is equivalent to the fact that the semigroup ring CpNP] is normal, whereas the condition 
© is equivalent to C[1NP] being Gorenstein (cf. e.g. 1BH93I Theorem 6.3.5]). Notice that in this case 
0 £ INS c Z r \ sRes(B) (cf. |Reil4[ Lemma 1.11]). The semi-group IN B can be decomposed into a 
positive semi-group P (i.e. a semi-group with no invertible elements except 0) and a group G ~ Z r with 
r' < r (cf. IBH93L Proposition 6.1.3]) 

IN B = P®G. 

It is easy to see that we can choose c to lie in P, which we will do from now on. 

By |CKZ941 Chap.5, Proposition 2.3] , the spectrum Y B = Spec (CpNP]) is the closure of the locally 
closed embedding 


h B : T —> W 

(t - 1 ,..., t- s ). 

The affine variety Y B carries a stratification by tori. The strata are in one-to-one correspondence with 
the faces T of the cone H>oP. For a face T C !R>oP the stratum Yg(T) is given by t- = 0 for b £ TfllNP 
and t- ^ 0 for b £ T n 1NP (cf. IGKZ941 Chap. 5 , Proposition 2.5]). The torus T C Y B is the open 
dense stratum given by the cone itself. 

Denote by D B = div(t c ) the principal divisor which has a zero precisely along Y B \ T. Recall the 
isomorphism 

c[™]/ ((cy seI , B ) ~ cpNS] 

from above. 
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Lemma 2.8. 1. The divisor Db is equal to D\ + ... + D m where the Di are the torus-invariant 

divisors of the affine toric variety Yb = Spec (CpNL?]). In particular Db is an anti-canonical 
divisor. 

2. There exist an element c' £ IN B satisfying div(t c ) = div(t c ) which can be represented by 

Wh ■■■ Wk S C[u>i,..., w s ] 

such that for each facet r of R>o-B exactly one of the generators b i± ,..., b i[ does not lie in r. We 
denote the corresponding principal divisor of W by 

D = div(wi 1 ... Wif). 

In particular, i/lNR = IT, then c' = 0 , hence D = 0. 

Proof. Denote by a the dual cone of R>o-B. This gives rise to a fan E (with only one maximal cone 
a of dimension r — r') corresponding to the toric variety Yb = Spec (CpNR]) = Spec (C[cr v fl 27]). 
Let V\,... ,v m be the primitive generators of the one-dimensional faces of a. Notice that the v a are in 
one-to-one correspondence with the facets of R>o-B and that the direct summand G of ¥U3 C 27 is 
characterized by 

G = {2 £ 27 | ( x , v a ) = 0 for all a}. 

Let D i,..., D m be the torus-invariant divisors corresponding to the v a . An anti-canonical divisor of Yb 
is then given by —K = Di + ... + D m (cf. [Ful93l Chapter 4.4 p.89]). Since CpNR] is Gorenstein the 
divisor — K is Cartier. Because Yb is toric and affine this divisor is principal, i.e. —K = div(t k ) for some 
k £ 27 (cf. Chapter 3.3 in loc. cit.). Using the formula 

m 

-K = ^2(k, v a )D a = D 1 + ... + D m 

a =1 

we see that we can choose k to lie in P fl int(f$B). Since int(RU3) = IN B + c we have (c, v a ) £ 2i>o and 
( c,v a ) < {k,v a ) = 1. This shows the first claim. 

Since c £ IN B, we have a presentation 


c = Y, c & + 5Z dk ^ 

jeJi jeJ 2 

with Cfc, dk £ 2i >0 , Ji C {j \ ^ G} and J 2 C {j \ bj £ G}. This gives 


1 = (c, Va) = Y c 0 + 0 

j&Jl 


(with (bj,v a ) £ Z>o)- Hence for each a £ {l,...,m} we have a unique j a C Ji such that c 7a = 1, 
fbj a ,v a ) = 1 and (bj,v a ) = 0 for j £ (Ji U J 2 ) \ {ja}- Since for each bj with j £ J\ there exists at least 
one v a with (bj,v a ) 0, we conclude that Cj = 1 for all j £ J\. Define 

c'- Y 1 ^j + Y 1 -^- 

jeJi jeJ 2 


We clearly have div(t c ) = div(t c ) and t c can be represented by ■... • where {ii,. ■. ,ii} = J\ U J 2 . 

If IN B = 27, then c = 0 and therefore c' = 0 by the definition of c' above. □ 

Example 2.9. 1. Consider the matrix B with columns (1, 0, 0), (1, 1, 0), (1, 0,1), (1, 1, 1). The element 

c = (2,1,1) is the unique element which generates the interior Int(KB). It can be represented by 
(1,0,0) +(1,1,1) as well as (1,1,0) + (1,0,1). 

2. Consider the matrix B with columns (1,0), (2,1), (—1, 0), (—2,1). The element c £ P is given 
by (0,1). It can be represented by (2,1) + 2 • (0,-1). In this case, the element c' is given by 
( 1 , 1 ) = ( 2 , 1 )+ ( 0 ,- 1 ). 
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We can factorize h B into the morphism 

k B - T —*W\D (7) 

and the canonical open embedding l B : W \ D —> W. 

Lemma 2.10. The morphism k B ■ T —> W \ D is a closed embedding. 

Proof. Recall the stratification of the affine variety Y B = h B (T). The boundary components Tj(T) for 
T C R>oi? all lie in D B = Y B n D, hence the claim follows. 

□ 

The aim of this section is to compute the canonical (descending) V-filtration of Xi B := ~ h B+ Or 

(or Kashiwara-Malgrange filtration) along the normal crossing divisor D. By Lemma [2.81 and Lemma 
12.101 we can assume IN B ^ Z r , i.e. d ^ 0. 

We review very briefly some facts about the K-filtration for D-modules. Let X = Spec ( R ) be a smooth 
affine variety and Y = div(t ) be a smooth reduced principal divisor. Denote by I = (t) the corresponding 
ideal. The K-filtration on D x is defined by 

V k D x ={PGD X | PP C P +k for any j £ Z}, 

where P = R for j < 0. One has 

V k D x = t k V°D x , 

V~ k D x = Y, d}V°D x . 

0<j<k 

Choose a total ordering < on C such that, for any a,/J € C, the following conditions hold: 

1. a < a + 1 

2. a < j3 if and only if a + l</3 + l 

3. a < ft + m for some m £ Z 

Let TV be a coherent Djf-module. The canonical ^-filtration (or Kashiwara-Malgrange filtration) is an 
exhaustive filtration on N indexed discretely by C with total order as above and is uniquely determined 
by the following conditions 

1. {V k D x )(V a N) C V a+k N for all k,a 

2. V a N is coherent over V°Dx for any a 

3. t(V a N) = V a+l N for a » 0 

4. the action of dtt — a on GryN = V a N/V >a N is nilpotent 
where V >a N := (_J /3 > ct K' 3 . 

We reduce the computation of the K-filtration on M B along the possibly singular divisor D to the 
computation of a K-filtration along a smooth divisor by considering the following graph embedding: 

i g : W — >Wx(C t 

(W 1 , . . . , W s ) !->• (wi, ■ ... ■ w k ). 

Instead of computing the K-hltration on M Bl we will compute it on Y(W x C t , TL°(ig + MA)) along t = 0 
(notice that i g is an affine embedding hence i g .y is exact). In order to compute the direct image we 
consider the composed map 

i g °h B : T —>W xC t 

(ty...,t r )^(^,... 1 t^,t^ + - + Y- (8) 
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Notice that the matrix B' (built from the columns b x ,..., b s , b ix + ■ ■ ■ + b i ) gives a saturated semigroup 
IN B' = IN B. Hence we can apply again Proposition 12.71 to compute 

Mb' — l-L^ig+M-B — 3i°(i g o Jib)+Ot ■ 

This means that TPig+Ms is a cyclic DwxC t -module D\y xC t /P - where I' is generated by 

S 

E' k ■■='^2,b k id Wi Wi + c k d t t for k = (9) 

i =1 

where c& = bki x + ... + bki t is the k -th component of c G and 

□m G ]L B , := n “ n w i mi > ( 10 ) 

m,i> 0 rrii< 0 

where IL b’ is the Z-module of relations among the columns of B’. 

We are going to use the following characterization of the canonical K-filtration along t = 0. 

Proposition 2 . 11 . \MM04\ Definition 4-3-3, Proposition 4-3-9] Let n € N and set E := dtt. The 
Bernstein-Sato polynomial of n is the unitary polynomial of smallest degree, satisfying 

b(E)n G V 1 (Dx)n. 

We denote it by b n (x) G C[x] and the set of roots of b n (x) by ord{n). The canonical V-filtration on N 
is then given by 

V a N = {n G N | ord(n ) C [a, oo)} . 

We will use this characterization to compute the canonical V-filtration on Mb' '■= Mb 1 along t = 0. 


Key-Lemma 2.12. The Bernstein-Sato polynomial of [1] G Mb' is equal to x m for some to £ IN. 
Proof. In order to prove the claim it is enough to show that 

{d t t) m GV\D WxCt ) + r. (ii) 

Notice that for each u G IT the following element lies in I': 

S 

'^2(u,b i )d w .Wi + {u, c')d t t. 

i= 1 

Hence for each u with (u, c') 0 (recall that we assume d 7 ^ 0) we have the following expression for dtt 

modulo P: 

1 s 

dtt = 

We claim that for k < r we can write ( dtt) k modulo V 1 (Dy) + P as a linear combination of monomials 


dw^ iv ji ■■■ ■ • dwj k iv j k 


such that bj 1 ,... ,bj k lie in a common face of !R>oH and span a fc-dimensional subspace. We prove this 
by induction, the case k = 1 being clear. Now assume that we have proven this for k — 1 < r. Let 


d Wjl w 


3 1 • ■ ■ ■ • ^w jk l W j k _ 1 


be a monomial occurring in the expression of (<9(t ) fc_1 which we obtained by the inductive assumption. 
Choose an u G 27 such that (u, b. n ) = ... = (u, 6 - ) = 0 and {u,d) 7 ^ 0. This is possible since the 

bj n .... ,bj lie on a common face of R>qH and d lies in the interior of !R>oH . Then 


(d t t) ■ (d Wji i 


1 


' • ' ' ® w i k _i W 3k- 


■) = fe 


(u,b i ) i 




1 


■ • • • d v 


U Jk- 
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Notice that the first bracket on the right hand side does not contain any monomial d Wj Wj such that bj lies 
on the face {x £ R>o | (u, x) = 0}. This shows that for the monomials (yd Wji Wj t ■ ■ d Wjk i Wj k _ 1 ■ d Wjk Wj k 

occurring on the right hand side the b ... ,bj k _ 1 ,bj k span a fc-dimensional cone. Now, there are two 
possible cases. Either, the b ... ,bj ki , b Jk lie on a common face of R>o, in this case we have shown the 
inductive step, or they do not lie on a common face in which case the sum 6 y| + ... + b Jk _ i + does lie 
in the interior of ]R>oP, he. 

+ ■ ■ ■ + kh-i + k* = c ' + b ’ 

for some b' £ IN B. Notice that this gives rise a relation in Eg C Eg/, which in turn gives the following 
equivalences 


d Wji Wj 1 ■... ■ d Wjk _ i Wj k _ k ■ d Wjk Wj k — d WJi ■... ■ dw jk _ 1 • dw jk ■ ■... ■ Wj k _ 1 ■ Wj k 

= ■■■■■ ' d ^ k ■ w °' ■ wb ' ■ 

Recall that the matrix B' has the columns 6 ,...., b s ■ c! with c! = A + ... bj, which gives the relation 


w c — t. 


Hence, the monomial in question is equivalent to 

9 W j 1 w ji • • • • • dwj k l w jk -1 ' ^Wj k w jk = d Wjl ■... ■ dwj k l ' ®wj k ■ w ■ t GV (Dw x c t ). 

Notice that in the case k = r, only the second case can occur, since the bj i ,..., h Jr have to span an 
r-dimensional cone and therefore can not lie on a common face. But this shows the claim. 

□ 

We are now able to compute the full canonical filtration with respect to t = 0 on For this 

consider the induced F-filtration on Mb' = T (W x C t : 'H°i g+ MB) 

V? nd M B > := {[P] £ Mb’ \ P G V a D} . 

The next proposition shows that this induced filtration is the canonical P-filtration. 

Proposition 2.13. The canonical V-filtration of {ig+Ais) along t = 0 is equal to the induced one, i.e.: 

V a M B > = V? nd M B ’. 

Proof. We will show that V°f d MB' satisfies the defining property of the canonical H-Hltration. 

An element [P] of V^Mb 1 for k > 0 can be written as 

i 

[P] = [^2t k (d t typ i ] + [R], 

2=0 

where [P] £ V^Mb' and P* £ C[wi,.. .,w s ](d wi ,. ..,d Ws ). We have 


i 

(d t t - k) m • [P] = Y t k (d t tyPi • ( d t t) m } + (d t t - k) m ■ [P] 

2=0 

l 

= Y t k (d t tyPi • ( d t t) m • [i] + {d t t - k) m • [P]. 

2=0 

But ' ( d t t) m ■ [1] £ V^Mb' because ELo^W^ € V k D and {d t f) m • [1] £ V>Jd B , 

which follows from Lemma T2.121 or. more precisely, from formula (HIE Therefore 

{d t t - k) m • [P] G V^Mb, 
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Now let [P] E V in %MB' with k > 0. It can be written as 


i 

[P} = E2dHd t t) i P i \ + [R], 


i=0 


where [R] G By a similar argument we have 

(d t t + kr-[P)GVr^M B '. 

Hence ( dtt — k) m is nilpotent on Gry ^Mg/, which is the characterizing property of the canonical V- 
filtration by Proposition 12. Ill □ 


2.3 Compatibility of filtrations 

Let V = C s+1 and denote by Dy the Weyl-algebra C[wq, ..., w s ](9„, 0 ,..., d Ws ). We will denote the 
ascending order filtration on Dy by F,. The descending H-filtration on Dy with respect to wq = 0 is 
denoted by V*Dy. We have 

V°D v = J2(d Wo w 0 ) i P i 

i> 0 

for Pi € C[ui 0 , • ■ •, u>s\(d Wo , . ■ ■ , d Ws ) and 


V k D v = w k 0 V°D v and V~ k D v = ^ d J Wo V°D v 

j> o 


for k > 0. Now let I C Dy be a left ideal and denote by M := Dy /I the corresponding left Dy-module. 
The filtrations V * and P. induce filtration V* nd and F° rd on M: 


V k nd M := 


VkD - + I and F- d M:= F ^ + I . 


We take an element P G Dy and denote by P = a c^iu 7 its standard form. The element P G Dy 
is called pure of order k if each monomial c 1 sw 1 dl J G V k Dy and 0 ^ G GryDy. Notice that 

the product Pi ■ P 2 of two elements P± and P 2 of pure order k\ resp. is of pure order k\ + & 2 - 


We now want to recall Buchberger’s algorithm in the Weyl algebra Dy. As a weight vector w we choose 
(0,..., 0,1,..., 1) such that the Wi s have weight zero and the d Wi ’s have weight 1. If an operator P has 
standard form s ) c 1 sw 1 df I] and m = max{| 5 |: c 7)< 5 ^ 0}, then the initial form of P with respect to 
w is defined as 

in w (P) := ^ c^sw^di. 

('y,S),\8\=m 

We also need a total order -< on D which refines the order induced by the weight w. We say 

wW s w ~< w c d d w 

if | S |<| d | or | (5 | = | d | and S n = d n ,..., 5j+i = di+i,6i < di for some i G {0,..., n} or | S |=| d | and 
fi n = d n ,..., <5o = do and 1 n = c n ,..., ji+i = Cj+i , 7 i < Ci for some * G {0,..., n}. The order -< is a term 
order (cf. [SSTOOj [Chanter 1.1] ) and refines the order given by the weight w. 

Let P , Q be two normally order elements with 

P = p-ysw 1 dlj + lower order terms w.r.t. -< 

Q = QcdW c dw + lower order terms w.r.t. -< 

so that in^(P) = p-ysw 1 and in^(Q) = q cd w c d d . The S’-pair of P and Q is given by 

sp(P, Q) ■= w^'dtP- {p 1 f,/qcd)w c 'd^Q , 
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where 7 ' := max^c*) - 7 ,, (5- := max(5,,dj) — 5 l: c' := max( 7 j,Cj) — Cj and d- := max(d l ,d i ) — d z . 
Notice that if sp(P , Q) ^ 0, P is of pure order p and Q is of pure order q , then sp(P, Q) is of pure order 
p+\S'\ = q+ \d'\. 

First notice that, if P is pure of order p its normal form (cf . [SST001 Chapter 1.1] w.r.t. to pure 
elements Gi,... ,G m is also pure of order p. Now let I be an ideal which is generated by elements 
Fi,..., Fm £ Dy. Buchberger’s algorithm gives back a set G of elements in Dy which is a Grobner 
basis for I. 

From the algorithm 1.1.9 in loc. cit. we see that if Fi,..., F m are generators for I which are pure, then 
the Grobner basis G will also consist of pure elements. It follows form |ISST00l Theorem 1.1.6] that this 
is also a Grobner basis with respect to the order coming from the weight vector w. 

Example 2.14. Let F\ = d Wo w 3 + d wi wi + d W2 W 2 and F 2 = d Wl — d W2 be elements of pure order 1 and 
F 3 = W 1 W 2 — Wq be of pure order 0. Denote by I the ideal which is generated by Fl,F 2 and F 3 . The 
Grobner basis {G 1 ,..., G 5 } given by Macaulay2 is Gi = Fj for i £ {1, 2, 3} and the elements 

G 4 = w 2 w 3 d Wl + 2w 1 w 3 d W3 + wi 

G 5 — w 3 d Wl d Ws T 2 , w\'w 3 d W2 d W3 T w 3 d Wl T vj\Q W2 


are pure of order 0. 

Lemma 2.15. Let I be a left ideal in Dy that can be generated by finitely many elements of pure order, 
then the following map is surjective: 


V k D v n F p Dy —>• V k nd M n F° rd M . 

Proof. Let m £ Vind,M C F° rd M. We can find P,Qg Dy such that P £ F p Dy, Q £ V k Dy and 
[F] = m = [Q\, i.e. P = Q — i for some i £ I. We have to find a Q' with Q’ £ V k Dy (~l F p Dy with 
P = Q' — i 1 for i' £ I. We will construct this element Q' by decreasing induction on the order of Q by 
killing its leading term in each step. Let tQ := ordQ, ti := ordi and set t := ma x(tQ,ti). Obviously we 
have t > p. If t = p we are done. Hence, we assume t > p, thus we have 

0 = cr t (P) = cr t (Q - i) 

and therefore t = tQ = ti and therefore crt(Q) = o't(i) ^ 0 . 

Since I is generated by elements which have pure order, we can find a Grobner basis G = {Gi,..., G m } 
which is also of pure order. We can write 

m 

i = YjiGi 
1=1 

with ii £ Ft—ordGi by [SST00I Theorem 1.2.5]. We have 

m 

Ct(i) = ^ \ CTt— or d Gi (^z)^ord Gi (G;) ■ 
i=l 

Now let ii be of pure order s.t. <Jt-ordGi{ji ) = &t-ord Giiji ) an d put 

m 

i = YjiGi 
2=1 

which is again of pure order t. Notice that each monomial in cr t (Q) £ Cfico: ■ • •, w s ,t;o, ■ ■ ■ 1 £«] is of the 
following form Wq° ■ ■ ■ ■ • ■ ££* with Yi= 1 F = ^ an d *0 — jo > k, where the last inequality follows 

from Q £ V k Dy. Since cr t (Q) = a t (i ) and i is of pure order, we can conclude that i is in V k Dy, too. 
We therefore have 

P = Q — i — (i — i) 

with Q — * £ F t -\Dy PI V k Dy. The claim follows now by descending induction on the order t. □ 
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Example 2.16. Consider the D-module M = C[w\(d w ) / (w 2 d w — 1). Notice that the generator w 2 d w — 1 
is not pure. The element 1 = w 2 d w lies in V^ nd M n FQ rd M but not in the image of 

V 1 D n F° rd D = (it; • C[w5 tt ]) n C [w] —> M. 

Proposition 2.17. The Lemma above applies to Mb' = Dc tX w/ ((□m)meiL B / + (E k + /3k)k=i,...,r) ■ 

Proof. First notice that the generators (□m)meiL B / and (E k + /3fc)fc=i,...,r of the ideal /' are pure. It 
remains to show that finitely many of them suffice to generate I'. But this follows by taking a finite 
Grobner basis of the ideal ((□„ L )me]L B ,) in the commutative ring C[wi,..., w s , t] and the elements (E k + 

(dk)k— l,...,r* I—1 


2.4 Calculation of the Hodge filtration 

In this section we want to compute the Hodge filtration on the mixed Hodge module 

«°(W Q£). 

We will need the following formula which describes the extension of a mixed Hodge-module over a smooth 
hypersurface. Let X be a smooth variety, let t,x\,...x n be local coordinates on X and j : 7 ^ I be 
a smooth hypersurface given by t = 0. Let Af H be a mixed Hodge module on X \ Y with underlying 
filtered D-module (Af, F^Af ), then 

Fp H°j+AT = dlF^VWj+AT, where Ff V°H°j+Af := V°H 0 j+Af G j* (F?Af) , (12) 

i> 0 

where V°'H°j+Af is the canonical H-filtration on the P-module 'H°j+Af — j*Af. 


If Y is a non-smooth hypersurface locally given by / = 0, we consider (locally) the graph embedding 

if : X —>IxC t 
x i-x (x,f(x)) 

together with its restriction i’f : X\Y Notice that ij is a closed embedding. Given a mixed 

Hodge module Af on X \ Y we proceed as follows. We first extend the Hodge filtration of {i*j)+Af over 
the smooth divisor given by {t = 0} as explained above. Afterwards we restrict the mixed Hodge module 
which we obtained to the smooth divisor given by {£ = /}. 


Recall from section □ that P Q^ has the underlying filtered D-module (O t ,F^O t ), where the Hodge 
filtration is given by 


F*Ot 


Ot for k > 0 
0 else. 


We will use several different presentations of Ot as a Dr-module. For each a = (a k )k=i,...,r € 2F we 
have a Dr-linear isomorphism 


r(T, Ot) — Dt/{ tkd tk + (*k)k=i,...,r 

such that the Hodge filtration is simply the order filtration on the right hand side. 
Consider the following commutative diagram 


Hb 



W X C t * 
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where W* := W \ D = W \ {w;^ ...Wi, = 0} ~ <D S 1 x (<D*) Z (cf. Lemma [?7Hll and */ is the graph 
embedding 


if :W —>W x<C t 

w h-1 (w, W ix ■ . . . ■ Wi, ) 


(13) 


associated to the function / : W —l G t ,w_ >->• w ^ • Wi t . Notice that if o l factors over W x C£. We 

have the following isomorphisms 

if+h+Or — if+l+ks+Or — jt+i*f + kB+Or ■ 

Lemma 2.18. The direct image 'MPhs+Or is isomorphic to the cyclic T>w * module T>w*/T* where X* 
is the left ideal generated by {Ek + / %)k=\,...,r for /3 = {Pk)k=i,...,r £ Z r and {OmjmeiB ■ Furthermore, 
the Hodge-filtration on T>w * /l* shifted by s — r is equal to the induced order filtration, i. e. 

F p H +(s _ r) V w ,/X* = F° rd V w >/X *. 

Proof. We factorize the map kg from above in the following way. Let B = C • E ■ F be the Smith normal 
form of B, i.e. C = (c pq ) £ GL{r , Z), F = (f U v) £ GL{s , Z) and E = (J r , 0 rjS _ r ). This gives rise to the 
maps 

k c ■ T —> T 

(ti,...,t r ) = (t £l , • • • ,£ Sr ) 

k E : T —> (C*) s 

(<i, ...,t r )h+ (wi,. ..,w s ) = (ti,...,t r ,l,..., 1) 

k F : (C *) s —► (C*) s 

(wfi, •.. ,w s ) (wi,... ,w s ) = (wf- 1 ,.. .,wb). 

We denote by jk : (C*) s —>• W* the canonical embedding, then 

k E +Or — {jk ok F o k E o fccO+^r — jfc+fcF+fcB+fcc+^T ■ 

Since all maps and all spaces involved are affine, we will work on the level of global sections. 

Since kc is a simple change of coordinates we have T(T, H°(kc)+OT) — -Dt/CC l=i CkiUdj. + atk)k=i,...,r 
for all a £ Z r and again the Hodge filtration is equal to the order filtration. We now calculate 
T((C*) S , k E+ kc+OT). Since k E is a closed embedding of a hyperplane, we have 


r((C *y,H"kE + kc + OT)^r(T,H"kc+OT)[da r+1 ,...,d as \ 

r 

—Fl(C*) s / OkiikiOuji T OLk)k=l ,...,r, {Wi l)z=r+l,...,s • 


(14) 


*=l 


The Hodge-filtration is (cf. |Sai931 Formula (1.8.6)]) 

Fp H s-r) {F{{C*) S ,U 0 k E+ k c+ O T )) = Y F^nT^kc+Or)®^ 

P1+P2 =P 

= Y F°; d r{T,H 0 kc + O T )®d P2 =F° rd (T{{<C*y,'H 0 k E+ kc + O T )) . 

Pl+P2=P 


(15) 


Hence we see that the Hodge filtration on the presentation (fill) shifted by (s — r) is equal to the order 
filtration, i.e. i^ (s _ r) = F° rd . 

The map k F is again a change of coordinates, so we have 


r((C*) s , 'H°k F+ k E+ kc+OT) — D( c*) 3 / ( (Y. bkjWjd Wi + aik)k=i,...,r, (w m< — l)i=r+i,...,« 


l=i 


- D (c*)V ( (JZ bkjU!jd Wj + Qife)fc=l. t- 5 (Qm)mgtB J j (16) 

1=1 
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where m, are the columns of the inverse matrix M = F _1 . The first isomorphism follows from the 
equality B = C ■ E ■ F. The second isomorphism follows from the fact that an element m € h s is a 
relation between the columns of B if and only if it is a relation between the columns of E ■ F. So the 
Hodge filtration on the presentation m shifted by ( s — r) is again the order filtration. 

Now consider the open embedding j k . By Lemma \2. 101 the closure of im(jfc) has an empty intersection 
with the reduced normal crossing divisor D = {f = 0} = {u;^ • • • Wi t = 0}. Therefore we have 


T(W*,H u j k+ k F+ k E+ kc+0 T ) * T((C *) s ,n"k F+ k E+ k c+ o T ) 


- D {G ,y/ bj^jWjdyj. + OLh)k= (Qm)m£]L r 


3 =1 


- Dw */ ( bkj'Wjdvuj T Oi-k)k— (1—lrn)meILs J ) 

3 =1 


(17) 


where the first and last isomorphism follows from the fact that the D-module H 0 k B +OT has no support 
on W* \ (<D*) S . Using the graph construction to extend the Hodge filtration as explained at the beginning 
of this section, we see that the extensions is simply given by 

Fp TL° jk+(k F o k E o kc)+0 F = j k *F p Tl a (k F ok E o k c ) + 0 F 

hence the Hodge filtration on T(W*, B 0 jk+k F+ k E+ kc+Or) — T(W* ,TL°k B+ OT) shifted by (s — r) is 
equal to the order filtration. We have 


s s s 

Y, bkjWjd Wj +a k = y b k jd Wj Wj - y b k j + a k ■ 
3 =1 J =1 


Setting /3k ■= — bkj + ctk , proves the claim. □ 

We now would like to compute the Hodge filtration of l + k B+ 0 F — ( Hb)+Ot■ As mentioned at the 
beginning of this section, we will consider the graph embedding if with respect to the function / = 
Wi x ■ ■ -Wi t and extend the module 7 d 0 k B +O F — T>w* /X* over the smooth divisor {t = 0 }. 

Lemma 2.19. The direct image i*f + k B +0 F is isomorphic to the cyclic T>wx c* -module T>wx c* /X° where 
T° is the left ideal generated by (E’ k + j3k)k=i,...r for P = {Pk)k=i,...,r G and ■ Furthermore, 

the Hodge filtration shifted by s ~ r + 1 is equal to the induced order filtration, i.e., we have 

F p H +{s _ r+1) i* f+ k B+ (D T /l° ~ F°/ d V WxCt /l° . 

Proof. We define 

W := (W* x C f ) \ {t + f{w) = 0 } 
and factor the map i* in the following way. Set 

l± : W* —> W 
W M- (w, 0) 
i 2 :lf^rxC( 

(w,t) m- ( w,t + f(w )) 


and let I3 : W* x C) -> H x C f * be the canonical inclusion. We have i*f = I3 o l 2 o l lm Notice again that 
all spaces involved are affine, hence we will work with the modules of global sections. Since l\ is just the 
inclusion of a coordinate hyperplane we have 

T (W,H 0 l 1+ k B+ O T ) ^ T(W*,H 0 k B+ O T m\. 

The Hodge-filtration is given by 

r(W,F* +1 (H 0 l 1+ k B+ O T ))^ y r(W*,F*H 0 k B+ O T )®d? 2 . (18) 

P1+P2 —p 
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Notice that T(W,Ti°li+k + OT) — D^/I° where 1° is the left ideal generated by (E k + Pk)k=i,...,r , 
(Qm)mgL r and t. 

Under this isomorphism the Hodge filtration on T(W, 'H°/i+fc + Or) shifted by (s — r) + 1 is equal to the 
order filtration by Lemma 12.181 and (fT8l) . The map l 2 is just a change of coordinates, hence under the 
substitution t t = t + f(w) and 

,, j Wid Wi fori G {l,...,s}\ {u,.. .,ii} 

Wid Wi i —y \ 

+ f(w)d t = Wid m + d t t for i e {ii, 

and using the presentation of 'H°(k B +Or) as acyclic T>-module , we get that 

r(W* X C|, 'H a l 2 +h + k B +OT) — D w -x C*/ (( E’ k + /3fc)fc=l,..., r + (0m)m6IL S + {t - W tl ■ ■ ■ Wi ,)) 

— D\V*X C*/ ((E' k Pk)k=l + (Qm)m6l B ,) , (19) 

where E' k was defined in formula ©• Notice that the Hodge filtration shifted by (s — r) + 1 is again 
equal to the order filtration. 

Since the support of / H°l 2 +h+k + Or lies in the subvariety {t = the closure of the support in 

W x Cj does not meet (W \ W*) x C*. We conclude that 

T{W X C ;,H 0 i* f+ kB+O T ) - r (W X ClH 0 l3+l2+li+kB+O T ) 

~ r<w* x c;,H% + ii+k + o T ) 

— Dw*x £* / ((-®fc)fc=“I - (Qm)mGlL P / ) 

— ^xC t */ ((-E'/c)fc=l,...,r ) • 

The Hodge filtration is then simply extended by using the following formula 

F^'H Q l t+ kB+OT — F^'H°l3+l2+h+kB+OT — l3*F^R°l2+h+k B +OT ■ 

□ 

Proposition 2.20. The direct image Hf jt+i*f+k B +OT is isomorphic to the quotient DwxC t /Fp> where 
Ip is the left ideal which is generated by ( E' k + /3k)k=i,...,r for /? = (Pk)k=i,...,r £ INF?' and (□ HL )mei B / ■ 
Furthermore, the Hodge-filtration on Dwx G t /I' = Rwx C t /^o shifted by (s —r) + l is equal to the induced 
order filtration, that is, 

F» +{s _ r+1) H 0 j t+ i* f+ k B+ O T = F° rd V WxC JF. 

Proof. First recall that we have an isomorphism TL 0 j t +i*f + k B +OT — RPif+hB+Or- The composed map 
ijohs is a torus embedding given by the matrix B'. Hence, we have an isomorphism j t +l t+ k + OT — AT)), 
for /3 £ Z r and /3 ^ sRes(B'). Since IN B' = IN B the semigroup INS' is saturated. Therefore the set 
IN B' C \ sRes(B') by |Reil41 Lemma 1.11], which shows the first claim. 

We will show the second claim for the case /? = 0. The formula for extending the Hodge filtration over 
the smooth divisor {t = 0} is 

F hMb' = Y d t(V°M B ' n jtjf 1 F p H _ t Mb') • (20) 

i>0 

On the level of global sections the adjunction morphism M B ' —> jt+j^M b' is given by the inclusion 
Mb' —>• *Mb', where *M B ' is the % x c t *-module from Lemma 12.191 seen as a OwxCt“ mo dule . Hence 
on the level of global section formula m gets 

F p Mb' = Y D F*_*M B ') - 

i> o 

Since we have F p+ ,_ r+v * Mb' = F° rd *M B ' by the same lemma, we conclude that Ff I _ r M B ' = 0. The 
element 1 G Mb' is in V°M B ' by Proposition 12.131 and 1 € F^_ r ^ +1 *Ml B ' = FQ rd *M B ' and therefore 
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1 £ F^ s _ r .. +l M b'. Notice that both (M B i,F^) and (Mb ', F° rd ) are cyclic, well-filtered -DwxCt' moc l u l es 
(see e.g. ISai881 Section 2.1.1], therefore we can conclude 

F° rd M B ' C F p H +(s _ r+1) M B ,. 

In order to show the converse inclusion, we have to show 


F°/ d M B ' D F p H +{s _ r+1) M B , = di(V°M B , n F« +{s _ r+1) _*M B .) = £ dl{V? nd M B , n F°f d *M B ,) 

i> 0 i> 0 

for all p > 0, where the last equality follows from Proposition 12.131 and Lemma 12.191 Since we have 

F° rd M B , D dlF° r _ d M B ' for 0 < i < p and p > 0 


it remains to show 


F° r _ d M B , D V? nd M n , n F° r _ d *M B ' for 0 < * < p and p > 0 


resp. 

F° rd M B r D V° nd M B > n F° rd * M B i for p > 0 . 

Now let [P] £ Vih d M B ' D F° rd *M B ', then P £ Dwx c t can be written as 

P = t~ k P k + t~ k+ 1 P k _ 1 + ... 

with Pi £ <D[u>i,..., w s ](d t , d Wl ,..., d Ws ) and P k ± 0. Since t k ■ [ P ] £ V k nd M B ' (~l F° rd M B > it is enough 
to prove 

t k F° rd M B , D V k nd M B ' n F° rd M B , for p > 0 . 

Given an element [Q] £ V k nd M B 'P\F° rd M B ' we can find, using Lemma l2.15l a Q' £ V k D\yxC t FF p DwxC t 
with [Q\ = IQ'}. But this element Q' can be written as a linear combination of t l °w ^ ... w l ‘d%°d%}- ... d 
with p 0 + .. .p s <p and lo — Po > k, hence \Q'] £ t k F° rd M B 


□ 


Now we want to deduce the Hodge filtration on h B +Or from the proposition above. 

Theorem 2 . 21 . The direct image h + Ox is isomorphic to the cyclic Dy-module A4 B := T>w /i, where 
T is the left ideal generated by (E k ) k —and (II] m ) me ]L B . The Hodge filtration on M B is equal to the 
order filtration shifted by s — r, i.e. 

F» Hs _ r) M B = F°; d M B . 

Proof. Recall that we have jt ° if ° k B = if o h B where if is the graph embedding from (1131) . The map 
if can be factored by 

*o : W —>W x<C T 
w i y (w, 0) 

If : W x <C T —>W xC t 

(wj) (w,t + f(w)). 

We first compute 'H°(lJ 1 ) + M B ' with its corresponding Hodge filtration. Since ( If ) -1 is just a coordinate 
change we get similarly to formula (fl9l) 

T(W x Cj-, H°(lJ 1 ) + M° B ,) ~ D WxC J ((E k ) k= i 1 ...,r,(n 22 ) 22e L fl ,(t)) , (21) 

where the Hodge filtration on the right hand side is the induced order filtration shifted by (s — r + 1). 
Notice that the right hand side of CD is simply Mg [c^] , hence the Hodge filtration on 

M b = T(W, M b ) = T(W x C T ,'H°i+(lj 1 ) + M B ,) 

is simply the order filtration shifted by (s — r) by |Sai881 Proposition 3.2.2 (iii)]. □ 
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3 Radon transforms of torus embeddings 

3.1 Hypergeometric modules, Gaufi-Manin systems and the Radon transfor¬ 
mation 

In this section we want to give a brief reminder on the relationship between GKZ-hypergeometric systems, 
Gaufi-Manin systems of families of Laurent polynomials developed in |Reil4l . 

Definition 3.1. Let A = ( dki ) be a d x n integer matrix. We assume that the columns a 1 ,...,a n 
generate X d as a Zb module. Moreover, let (3 = (/?i,. .. , fid, ) £ C d . Write 1L a for the Zb module of integer 
relations among the columns of A and write 2Ac n for the sheaf of rings of differential operators on C" 
(with coordinates Ai,..., \ n )- Define 

M P A :=D C s/ 1 a , 

where La is the sheaf of left ideals generated by 

□n= n n d i 

i:li< 0 i:li> 0 


for all l £ L a and 

n 

Dk -— 'y \ akiXidxi 

i—i 

for i = 1 ,.. ,,d. 


Since GKZ-systems are defined on the affine space C™, we will often work with the D-modules of global 
sections M A := r(C n , At 4 ) rather than with the sheaves themselves. 

As in 11S1 a . : R.S12l . we will consider a homogenization of the above systems. Namely, given the matrix 
A = (afci), we consider the system M where A is the (d + 1 ) x (n + 1) integer matrix 


A . (a 0 ,..., a n ) . 


/I 1 ... 1\ 

0 an ... a ln 
\0 Odl • • - Odn) 


( 22 ) 


and $ G C d+1 . 

In order to show that such a homogenized GKZ-system comes from geometry we have to review briefly 
the so-called Radon transformation for X>-modules which was introduced by Brylinski |Bry 86 | and vari¬ 
ants were later added by d’Agnolo and Eastwood (DE031 . 

Let W be the dual vector space of V with coordinates wo,...,w n and Ao,...,A n , respectively. We 
will denote by Z C P(W) x V the universal hyperplane given by Z := CCIL o^ iWi = an< ^ 

U := (P(W) x V)\ Z its complement. Consider the following diagram 


P (W) 



We will use in the sequel several variants of the so-called Radon transformation in the derived category 
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of mixed Hodge modules. These are functors from D b MHM(¥(W)) to D b MHM(Vy) given by 
*1Z(M) := nl{Tr?)*M ~ n 2 *i Z *i* z n* 1 M, 

l 7l(M) :=Bo*7eoP(M) ~7rf,(7rf) ! M~7r 2 *iz*4n M 
*7Z cst (M) := 7T2*7T*M . 
l 7Z cst (M) := D o *7Z cst o D (M) ~ 7 t 2 *7 t[M . 

*K(M) := ~ 

'71° (M) :=Do *7Z° oD (M) ~ 7&(7rf)'(M) ~ Tt 2 .ju.jW 1 W) - 

The adjunction triangle corresponding to the open embedding ju and the closed embedding iz gives rise 
to the following triangles of Radon transformations 

'TZ(M) —► ! 7Z cst (M ) —> ! 7e°(M) , (23) 

(Af) —>• *ft cst (M) —* *7Z(M) ^, (24) 

where the second triangle is dual to the first. 

We now introduce a family of Laurent polynomials defined on T x A := (<D*) d x <D" using the columns 
of the matrix A, more precisely, we put 

<PA : T x A —► V = C Ao x A, (25) 

n 

(ti ,..., t d , Ai,..., A„) i t ( ^ ~ 1 , Ai,..., A n ). 

*=i 

The following theorem of IReil4] constructs a morphism between the GauB-Manin system H°(pa,+Osxw) 
resp. its proper version 7-L°(ipA,-\Osxw) an d certain GKZ-liypergeometric systems and identify both with 
a corresponding Radon transformation. 

For this we apply the triangle (l23l) to M = <71 O and the triangle (l24l) to M = where the 

map g was defined by 

9 : T —> P (W) 

(h, ■ • ■ ,t d ) (1 : f - 1 : ... : t 3 *) . 

Assume that the matrix A satisfies 

1 . ZA = % d+1 

2. 1NA = 1R> 0 A n Z d+1 

3. mf(IXA) = IN A + c for some c G 1NA. 

Theorem 3.2. \Reil4\ Lemma 1.11, Proposition 3-4] For every f3 £ IN A and every f3’ € mt(lNA), the 
following sequences of mixed Hodge-modules are exact and dual to each other: 

H d ~\T, C)®PQ£ H°(^ p Q^ xA ) H d (T,C)®rq* 


0 H n (*7Z cst (g^)) - 7i n (*7l(g*PqV)) -- U n+1 (*7l° c {g^ )) —► H n+1 {*7l cst (g* p Q£)) 0 


0 7L- n (K cs t{g\ DPQf)) ^ 7i~ n ('-7Z(g<O p ^)) + H~ n - 1 {'7Z° (gilD> p Q^)) ^ K~ n ~ 1 (7Z cs t (5! p Qr)) 0. 


H d+1 (T, C)®DPQ|( H°(<pai® p Qt xA ) Ad/' iL d (T, C) ® Dpq£ 
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Notice that the isomorphisms in the third column induce a mixed Hodge-module structure on the GKZ- 
systems AT- and M. for (3 £ ®L4 resp. (3' £ mt(lNA). 

Proposition 3.3. Let (3 £ 1NH and (3' £ wt(JNL4). There exists a unique (up to multiplication with a 
constant) morphism of mixed Hodge modules, given by 

M~jP' (—d — n) —> M~ 

p^p. dP+P ' ; 

where d ,9+/3 := JX ” =0 f or an y — = (^o , ■ ■ -,k n ) with A ■ k = (3 + (3'. 

Proof. First notice that there is a natural morphism of mixed Hodge modules 

33°(<pa\^3> p Q,txa){— d ~ n ) —t TL°(ipa* p Qtxa) 

which is induced by the morphism D p <Q^ xA (—d — n) —» p QtxA- Using the isomorphisms in the second 
column, this gives a morphism 

-H” n ( ! ft( 5 ! D p Q^))(-n -<*)—>• ■ 

Now we can concatenate this with the following morphisms 

- -■H n+1 (*n 0 c { g *pq$)) 

A 

•H' n ( ! ^( 5 ! DPQ^))(-n - d) ^ H-"- 1 ( ! ^ 0 (<?!» p QT))(-n - d). 

This gives the desired morphism of mixed Hodge modules between M A 3 (— d — n) and The 

uniqueness follows from |Reil41 Lemma 1.15]. □ 

3.2 Calculation in charts 

Let A be a d x n-integer matrix with columns (a 1; ..., a ra ) and assume that A satisfies TLA = Z d+1 , 
1NA = Z d+1 H H>o^4 and intfMA) = 1NA + c for some c £ 1NA Consider the locally closed embedding 
from above, i.e., 


g:T^F(W) 

(ti,---,td) i-t (t-° : ... :t 2 "), 

where T = (C*) d , W = <D” +1 and := n/,;=i Let (u>o : ... : w„) be the homogeneous coordinates 
on P(1T) and denote by j u : W u c —^ P(W) the chart u> u 0 with coordinates Wi U := for i ^ u. The 
map g factors over the chart W u and gives rise to the map 

g u ■ T —* W u 

Let = (ajb) be the d x n-matrix with columns (oj — a u ) for i £ {0,..., n} \ {it} Notice that Ho = A. 
Lemma 3.4. The matrices A u satisfy the following conditions 

1. ZA U = Z d 

2. JNH„ = Z d n It>oH u 

3. int(^A u ) = JNH„ + c for some c £ 1NA„ 
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Proof. Denote by A u the (d + 1) x (n + l)-matrix with columns (1, — a u ) for i £ {0,..., n}. We will 

first show the corresponding properties for the matrix A u . Denote by C u £ GL(d + 1, Z) the matrix 


C u := 


( 1 

~a\ u 1 

\ ddu 


\ 

1 / 


Notice that we have C u ■ A = C u ■ Aq = A u . Since C u is a linear map, it is in particular a homeomor- 
phism. Hence C u (int(¥SA)) = mt(INA„) and similarly for ZH U , ]NA„ and H>oH u . Therefore the three 
properties hold for A u . 


Denote by p : Z d+1 —» Z d the projection to the last d-coordinates. Notice that p is an open map and 
p(l, a, — a u ) = a t — a u . Now it is easy to show that the three properties also hold for A u . 

□ 

Denote by IL^ the Z-module of relations among the columns of A u . In order to calculate the direct 
image of Ot under the map g u , we use Theorem 12. 211 where A u takes the role of the matrix B in loc.cit. 

Proposition 3.5. Consider the T>w u -module Ma u '■= as defined in Definition \2.11 that is. Ma u = 

T>w u / 2 a„ where the left ideal Ia u is generated by 

twiu u = n - n w iu mi 

i^u:rrii> 0 i^u:rrii<.0 

and the Euler vector fields: 

Ek - = Y1 a ki d w iu Wiu 

i^u 

= ^ Q'ku'jdwiu'Wiu • 

i^u 

Then the direct image g u +OT is isomorphic to Ma u • Moreover, the Hodge filtration on Ma u is the 
order filtration shifted by {n — d), i.e. 

F» +{n _ d) M Au = F^ d M Au • 

Proof. The statement follows from Theorem 12.211 and Lemma T3.41 

□ 

We now want to compute how the the "D-modules g u +OT glue on their common domain of definition. 
Let U\ : U 2 £ {0,... ,n} and denote by W UlU2 the intersection IT,,, nWu 2 . We fix U\,U 2 £ {0,... ,n} with 
ui <U 2 - We have the following change of coordinates between the charts W Ul and W U2 

Wi Ul = Wiu 2 w~^ U2 for i /«2 and w U2Ul = w~* U2 

which gives the following transformation rules for vector field: 

Wiui(fwi ui — '^iu2^‘Wi U2 for i 7 ^ Vj2 ^u 2 Ui^w U2 u 1 — ^ ' Wi U2 d Wiu ^ . (26) 

The module of global sections T{W UlU2 ,g Ul+ OT) can be expressed as the quotient Dw ui [wf 2Ul \/I' a. u , 
where P A ^ C D Wui [w~^ Ui \ := C[(w iui )i^ Ul ][-u)“ 2 1 Ui ] is the left ideal generated by 

n n n 

1 - E k = a ki^w iui w iu 1 = ^ a kl w iuid Wiul + ^ a k * k = l,...,d 

i—O i= 0 i=0 

i ^u 1 i^ Ul i^ Ul 

2. o, = n <i - n w iuT m e ila u1 . 

m i >0 m i <0 

i ^u 1 
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The above mentioned transformation rules define an algebra isomorphism 


^ U\U2 '■ D w ui [w U2Ul \ —> D Wu2 [w UlU2 \. 


We can now give an explicit expression for the gluing map between the various charts of the module 
9 +Ot- 


Lemma 3.6. The isomorphism between g Ul +OT and g U2 +OT on their common domain of definition 
W U1U2 = W U1 (~l W U2 is given by 


r (W Ul u 2 ig Ul +0 T ) ^ D Wui [w U2Ul ]/I' Aui —> D w U2 [w UlU2 ]/I'a U2 — r (W Ui u2,9u 2 +Ot) 


P 1 ^ 


n+1 


Proof. The well-dehnedness follows from the following calculations: 


E 


’Wi ul VJiui w u 1 u 2 


,n+1 


/ 


El a ki W i u i+«in + E] 


hi <tu\ 


i = 0 


iyiui 


El a ki W iui^w iUl + a ku 2 W U2 ui dw U2U1 + El 


, Ul w n + 1 
L ki I UJ uiU2 


WE 

/ „ 


i =0 


— i-r/ 


^ ^ ipki Q j ku\) r Wiu 1 dw iui ipku2 ^ j ku\)'^U2U\^w U2U1 T ^ ^ 




*=u 


i=0 

i^ Ul 


i =0 


i=0 


^ n n n 

^ ^ ( a £n — a ku 1 )'^iu 2 ^w iU2 ~ ( a ku 2 — a kui) ^ ] ' w iu 2 ^Wi U2 ^ ] 

. i=0 

\ 

^ n n 

E a ki Wiu 2^w iU2 + E 

( „ 


1/ , rl + 1 


u ki w u 1 u 2 


i =0 i=0 

\i^u 2 


= w. 


n+1 


i = 0 


= W. 


n+1 


E a ki w iu 2 d WiU2 + E a fci + ("+ Wto, 

WE 

/ „ 

E a ki w iu 2 dwin 2 + E (° fci “ afc “i) + ( n + 1 )(°fcui - a fcU2 ) 


i=0 

i^u 2 


i=0 


/ 


,„"+! I ^ a k fw iU2 d WiU2 + E 


„“2 _ w .n+l 

a ki ~ u '«iU2 


i=0 

i^u 2 


i=0 
+ u 2 


E 


Wiu 2 I 7 




(27) 
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and, for m £ L a u1 with m U2 > 0, 


IT «C - n 


• . . —Trii I n+1 

w iui 11 W iu x W uju 2 


mj> 0 

\ i*»l 


mj< 0 
iz £u i 


= if;. 


,n+l 


/ 


VV4+ 


n w z 2 ( w uiu 2 ) mi i w„™“ 2 - 

w ^ 2 


>0 

u 2 



( \ 

m * _ n+1 

w u iu 2 aj u 1 u 2 

( \ 

w n+1 

UJ UiU 2 

n 

n <u7\ 




J 


= ?/; n+1 • □ / 
aj uiU2 — m 


for some m' £ IL^ . The proof for m U2 < 0 is similar. 


□ 


3.3 Tensoring the kernel 

Our final aim is the computation of the Hodge filtration on the modules At ~ for sufficiently well chosen 
parameters j3. Recall the definition of the Radon transformation *72.°. We had the following diagram 



where U = {J+=o ^i w i 7^ 0} is the complement of the universal hyperplane. The Radon transformation 
*1Z° was defined by 

*K(M ) = t + ( t tY)*M ~ ^judu^M, 

where M £ D b (MHM(P(W)). Notice that the underlying complex of 17-modules is equal to 7T2+ ju^ju^iM 
As a first step we compute 'H n+1 (ju\ju^idB+Ox) together with its Hodge filtration on a chart W u x V. 
In order to compute the restriction 71” +1 ((j u x id) + ju]j\j^\g+OT ) consider the following diagram 


T - 9u > W, 


(j u xid) r 

u u — -- u 


3u 

w u X V^^ ) P(w] x V 

7 Ti 

> P(W) 


where all squares are cartesian. Then the following holds. 

Lemma 3.7. There is an isomorphism in D b h (T>w u xv) 

(ju x id) + j m j 1 u 'K\yPg + OT ^ 0'^)t(+) t (7r[) t 77 0 (g u ) + C>T- 
Moreover, these complexes have only cohomology in degree n+1. 

Proof. First notice that the functors 7r}[— n— 1], j' v , (7Tj+[— n— 1] and (jyY are exact as the corresponding 
maps are smooth. Similarly, the exceptional direct images (ju )t and (j[+ are exac t because ju and jy 
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are affine. Hence the complexes ( j u x id) + ju\j\j^iH.° (g+Ox) resp. ((Ju)+Ot) have 

only cohomology in degree n + 1. In order to show that they are the same, we consider the following 
isomorphisms in D b h (Dw u xv) 


(.U x id) + (ju)jj\j'K\'H 0 g + O T ^ ( j u x id) ] {j u ) ] j} J n\'H Q g+0 T 

- tiuhiUu X id) r y g+Or 

* Uuh(fu)\ju X id)K\n°g + o T 

* UbhUu)H*iMn 0 g + o T 
^U r uhUu)H^jhu + n°g u+ o T 
-(i&)t(i&) t K) t ^°(ff«)+OT 


base change 

ju ° Uu X id) r = (ju x id)oj]u 
base change 
g = ju°g u , ju+ exact 

jl ° ju+ - ju ° ju+ - id. 


□ 


The subvariety U u in W u x V is given by 


n 

U u = {X u + A iWi 7 ^ 0 } . 

i=0 

i^u 


Consider the following change of coordinates 


n 

X u — A„ T ^ ( \jWj U , A, — A, and iVi U — ay,, 

3=0 


(28) 


for i = 0,..., n and i ^ u. Using these coordinates we can identify U u with W u x C" x C* where we have 
the coordinates (A i)i^ u on C" and the coordinate X u on C*. The map (n{ o jf) is then simply given by 
the projection to the first factor. The exceptional inverse image (jJj)H7 r[)t (g u ) + Ox of (g u ) + Ox is then 
given by (g u ) + Ox Kl Oc n xC*[~n — 1], where Oc^xC* carries the Hodge filtration Grf C\c n xC* = 0 for 
i^O. 

Notice that we have the following isomorphisms 


K n+1 ((gu)+0 T B O c »xC*[-n - 1]) - ((g u )+0 T )®0 G n xC * ~ M Au ®% xC ./({%)&*, i^Xujj , 

(29) 

where we have used the isomorphisms H° ((g u )+Ox) — and 


p c»xC*/ (d\„Xi 


o C"xC* 


1 A. 


-1 


Hence we can formulate the following result. 

Lemma 3.8. We have the following isomorphism of T>jj u - modules: 

n n+1 ((j r u)H7Tl)Hg u ) + 0 T )^n n+1 ((g u ) + 0 T M0 C u xC ,[-n^ l])~Vujic:, (30) 

where /C* is the left T>u u -ideal generated by (E^)k=i,...,di (Qm)mei l A u > (®\ )j^u an( ^ (@\ -^u)- 
The Hodge filtration on this module, underlying the mixed Hodge module 

^" +1 ((i&rKr(fl«)* p QT) ^n n+1 ((g u )sq» iQ^ xC .) 

is the order filtration shifted by n — d, that is, 

F p H +(n - d) Vujic: ~ F^Vujjc: . (31) 
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Proof. We only have to show formula (1311) . since formula (15D1) follows directly from formula C9l) . Since 
the equality d~ = (-l)“n!A" n holds in Pc n xC*/ ((^a 3 )j^ u - A u )) we eas ily see that the Hodge 

filtration on this cyclic Pc n xC*" m °dule, underlying the mixed Hodge module ’H” +1 (Qc n xC*)’ I s e< f ua l 
to the order filtration, i.e. 

i^Oc-xC* - F: rd Vc»xC*/ ((d~ Xj )^uAd~ Xu \ u )) ■ 

Using the following isomorphisms 

F p+(n-d) V Uv/>Cl - Fp +(n _ d) (m Au ®HC“XC*/ 

^ 0 F?Ma« B F r H (P c n xc ,/ {id~ x .)^ u , (d~ Xu \ u ))) 

p+(n—d)=q+r 

* 0 F^ [n _ d) M An ® F°/ d (P C „ XC ,/ ((%)&», (d x ~\ „))) 

p+{n —d)=q+r 

=* F° p rd (a*a. BPc» x c-/ (^A u ))) 

- F^ d V v JlC* u) 

this shows that the Hodge filtration on T>u u //C* is the order filtration shifted by (n — d). □ 

The next step is to compute the proper direct image under the open embedding jjf : U u —> W u x V of 
the module T>u/K .* together with its Hodge filtration. The map j[j is simply given by the inclusion 

{id Wu x idc* x j) : W u x C n x C* -► W u x C n x C = W u x V. 

where j : C* —>• C is the canonical inclusion. Notice that the functor (j^)f = (idw u x idc » x j)^ is exact, 
since j[j is an affine embedding. Therefore the direct image is given by 

F^{j r v )\F>u u IFi* u ~ H Q (idw u x *dc™ x j) f ^ M Au KD c»/ ((d^)j ¥ «) B F>g-/{ d x ^\ u )^j 

- ((^.) j¥u ) BH°j t (o C ./(\A u )) 

- ((^aBPc/(A„<9^). 

The last line follows from the fact that Pc* / (<9y A u ) ~ (Dc* and that 

P c P c (32) 

is a free resolution of P c/{d x X u ). Applying 'Hom(—,T> c) and a right-left transformation yields 

■(-A U 0 X ) 

P c —>“ Pc , 

which gives the desired result. 

Lemma 3.9. We have the following isomorphisms of T>w u xV-modules 

n n+l ((fuh(j r u)H<)H9u) + OT) * n°ubh (puJK) - % x y/^, 

where )C U is the left ideal in T>w u xV generated by (E%)k=i,...,d, (□m)me:iL J 4 u , an d (A udj ). 

Moreover, the Hodge filtration on this T>-module underlying the mixed Hodge module 

(fu)'.wr(9u)* p q? 

is the order filtration, shifted by n — d, that is, 

F? Hn _ d) (H 0 (f u )iV Uu /iC* u ) ~ F°/ d V WuXV /K. u . 
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Proof. The first statement has already been shown above. In order to compute the Hodge filtration on 
we first have to compute the Hodge filtration on 

n°j : t (Pc*/(9ji u X»)) - V}j^O G ,[-l\ ~ ^Dj+DO^t-l] 

underlying the mixed Hodge module 

T^O'iQc*) - W 1 (ID>i*lD>Qc*)- 

First recall that we have Grf H ^(Oc* [— 1]) = 0 for * ^ 0. The filtration on K~ 1 H>(Oc* [— 1]) — 
[1] is given by Grf H 'H~ 1 D(0c* [— 1]) = 0 for i ^ 1 since — Qc* (1)[2]. By [Sai931 Corollary 

4.3] the underlying D-module of 'hL 1 j ,is isomorphic to 0<c(*O) where the Hodge filtration is equal 
to the pole-order filtration. We get the following filtered isomorphism 

DMod{V}j. Q&) =* (V G /(£h Xu \ u ),F? rd ) —> (0 C (*O),P.) 

1 ^ 1 ) 

where P. is the pole order filtration on C>c(*0) and we have used that d~ i—» (—1 ) n n\ X~ n ~ 1 . 

Hence the underlying filtered D-module of is isomorphic to (Vc/(d x X u ), F°f_ d ). 

In order to compute the Hodge filtration on P 1 lD)j_ ( _BOc* [—1] — T>c/{X u d^ ) we remark that the resolu¬ 
tion (13^1) gives rise to a strictly filtered resolution 

(Z>c ,FZ*) (V C ,F ™[). 

ADDlvine V.omf—. (Vm.F° r i) (53 wY-i fcf. ISai94l uaffe 55] for the choice of filtration on T><r. (53 one 
easily sees that 

(^Bj+BOc-bll.O - ( V c /(X u d~J,F: rd ). 

Using the formula 

F* +(n _ d+) (n 0 (j r u )iV Uu /jc* u ) ~ 0 F?Ma u ®F?'Dc»/ ((d~ Xj )^ u )®F s H v c /Cx u d~j 

p-\-{n—d)—q-\-r-\-s 

0 F° q %_ d) M Au MF^V^/ ((d~ Xj )^ u ) ®F° rd V c /{x u cP Xu ) 

p-\-(n—d)=q-\-r-\-s 

= F°/ d (M Au MV Gn /((d Xj )rtu) MV c /{X u d~ x j) 

we see that 

F» Hn _ d) {U\f u )iV Uu /ie u ) ~ F° rd V WuXV /K, u . 

□ 

The final step in this section is to compute a presentation of 

AT := % n+1 {j u )^j\j'K\gB+0 T (33) 

in each chart W u x V of P(W) x V. Recall from lemma 1X71 that, the restriction 

N\w u xV — 'H n+1 (ju X *^) + (jC/)tJc/7’'i5B+C , T 
is given by the module J\T U := 'H n+1 {ju)\Uu) ] ( 7r i) t {9u)+0 T - 
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Proposition 3.10. Consider the original coordinates {(u>i U )i^ u , (Ao,..., A„)) ofW u x V. Then there is 
an isomorphism of T>w u xV-modules Af u ~ T>w u xv/fcu, where K, u is the left T>w u xV-ideal generated by 
the following classes of operators 


1. 

2 . 

3. 

4. 


^ ^ ^ki^wj u Wju ^ ' akiKdXj 
i=0 i=1 

□ m = n <*- n 

m i >0 m i <0 

d\i ~ Wind A„ 


1=0 


771 £ IL^u 


/or i = 0,..., n and i ^ u 


Moreover, we have 

F p H +(n _ d) M u ^F° rd V WuXV />C u . 

Proof. Recall that 7V U = T>w u xv/F-u, where K, u = (El)k=i,...,d + (Qm)meiL Au + + ( A »AJ- 

Using the coordinate transformation (051) we see that IC U is transformed into the ideal /C„ generated by 
the operators 


(V) 


W r 


k = 1,..., d 

777 £ 1L A u 

for i = 0,..., n and i ^ u 


Et=Y. a U d Wiu -\ d x u ) 

i =0 

Om = n <*- n 

m i >0 rr 

i^u 

d\i ~ Windx u 
n 

u + ^ ^ ^jWju^d\ u . 

3=0 

The last operator can be rewritten (using the relations d\ i — Wi U d\ u , i.e., the third class of operators) 

n n 

/E ^3^\j = u + \jWj u )d\ u . 

3=0 o=o 

3 ^u 


(V) 

The operators can be further simplified by writing 

n n n n 

^ ^ = ^ ^ ^ki^Wi u ^iu ^ ^ ^ki^i^Xi &ku ^ ^ ^i^Xi 

i=0 i—0 i—\ 2—0 

i^u i^u 

n n 

= ^ ^ Q'ki^'Wiu^'i'U ^ ^ Q'ki^idXi •> 

i=o i= i 

where the last equivalence follows by using the relation = (^u+X^ =0 ^j w ju)d\ u from above. 

Hence we obtain the presentation J\f u — E>w u xV/fcui and the statement on the Hodge filtration follows 
directly from Lemma 13.91 □ 
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3.4 A Koszul complex 

In this section, we will construct a strict resolution of the filtered module ( J\f u ,F H ). For this purpose, 
we first describe an alternative presentation of the ideal K u C T>w u xv Let A s u be the (d+ 1) x (2 n + 1)~ 
matrix with columns (0,a o — a„),..., (0 ,a u — a u ), ..., (0,a n — a u ), (l,a 0 ), • ■ •, (1 ,a n ) (here the symbol 
means that the zero column (0, a u — a u ) is omitted). In other words, we have 



/ 0 ... 

0 

i 

1 ... 1 

4 s - 

A u 


0 

A 


V 


0 



Consider the GKZ system Ma b u on W u x V with coordinates (wi u )i^ u , Ao,...,A„. Let FL^ be the 
partial Fourier-Laplace transformation which interchanges dw iu with ( Wi u )i^ u and Wi U with —d Wiu . 

(V) 

Lemma 3.11. Let I u be the left T>w u xV ideal generated by the operators 


(V) 


□<m,D - n <* 11 a 11 n art. 


l 4 >0 

0 <i<n 


i^u 


where (m,l) = ((mj)^, l 0 , ...,l n )e La;, 


li> 0 
0<i<n 


(V) ^ ^ 

Efc .— / J O'ki^Wiu'^iu H - / J Q'ki^i^Xi k — 1, • • • 5 d 


i =0 


and 


(V) " 

E'f := £ \,d Xl . 


i=0 


(V) 


(v) 


Then we have T u = 1C U , and hence the T>w u xv-module M u is isomorphic to T>w u xV / Iu, in other words, 
we have an isomorphism 

J\f u — FL^JAa^- 


(v) 

Proof. For the first statement, notice that equals the operator D m from the definition of the ideal 

_ (V) 

IC U . On the other hand, one can obtain all operators □ ^,1) from the operators □ m 1 using the relations 
d\ t —Wi U d\ u . The last statement follows by exchanging d Wiu with — Wi U and Wi U with dw iu in the classes 
of operators of type 1., 2., 3. and 4. in the definition of the ideal KL U . 

□ 


Now we will construct a Koszul-type resolution of Af u . It is related (though not equal) to the Eulcr- 
Koszul complex of GKZ-systems (see IMMW05] '). We work on the level of global sections. Let Ja b be 

(V) 

the ideal in Dw u xV generated by the box operators n( m ,z) for (uiA) 6 La;. 

A simple computation, which uses the fact that m i a ki + S"=o = 0, shows that the maps 

Dwuxv/Jai —> F>w u xv/Ja b u 

Pe+P-El for k = 0,... ,d (34) 

are well-defined. Since [E^,E^ 2 ] = 0 for k\ , € {0,..., d} we can build a Koszul complex 

K = (• ■ • Kl -A K° u -A 0) := Kos(D WuXV /Ja* u , (E%) k=l o,...,d ), 
where the terms K l u are given by 


K l u = (J) D WuXV /J a?l ■ 

0<ii <...<i p <d 
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Define a filtration { F m K *} of the complex K* by 

Fp<~ 0 F^ d l+(n _ d) Dw u xv/JA t 

0<ii<...<i p <d 

which makes K* into a filtered complex. 

Proposition 3.12. The Koszul complex is a resolution of (N U: F^) in the category of filtered 

Dw^xV-modules, i.e., we have a quasi-isomorphism K * -» N u and the complex K* is strictly filtered by 

F,. 

Proof. Let FL\y u be the partial Fourier-Laplace transformation defined on Dw„xV _m odules which inter¬ 
changes Wi U with dw iu and d Wiu with — Wi U . By Lemma 13.111 the Fourier-Laplace transform FL\y uX v N u 
is isomorphic to M A ^ ■ Consider the Fourier-Laplace transform 

K := FL Wu K: = Kos(D WuXV /J A s n , (E%) k=0 ,..., d ) > 

where K l u is given by 

K= 0 \xv/4- 

0<ii <...<ii<d 

where the left ideal J A ^ C x v is generated by 

:= n d z n n cr n ^ 

m i > 0 Zj> 0 rrij <0 Z^CO 

i^u 0 <i<n i=£u 0<i<n 

together with the Euler operators 

n 

Efc .— ^ ^ ^ki^iu^Wiu “1“ ^ ^ k — lj • • • ? d 

i^u i= 1 

and 

n 

E'f := £ \,d Xt . 

i=0 

Let F'D^y xy the filtration on D^ xy corresponding to the weight vector 

cb = (( weight{w iu ))i ^ u , (weight(du, iu ))i^ u ,weight( Ai),... ^eight^X^^eight^d ^),..., weighted\ n )) 

= ( 1 ) • ■ •) 1 ) 0 , ■ ■., 0 , 0 ,..., 0 , 1 ,..., 1 ). 

Notice that this filtration corresponds to the order filtration F° rd D\y u xV under the Fourier-Laplace 
transform FLw„ • If we endow the complex K * with the filtration 

FpK l u := 0 Ff-iD WuXV /J Ai 

0<U <d 

one easily sees that (K*,F m ) is a strict resolution of iff (K*,F m ) is a strict resolution of 

(M Ai ,F?). 


Notice that the complex K° is just the Euler-Koszul complex K. m (E-, CpNkl*]) of [MMW051 Definition 
4.2], It follows that this Euler-Koszul complex is a resolution of by Definition 4.10, Remark 6.4 of 
loc. cit. and the fact that C[IN.A®] is normal, hence Cohen-Macaulay. 

It remains to prove that the filtered complex (K*,F m ) is strict. By Lemma [3.131 it is enough to show 
that H z (gr^I\ u ) = 0 for i > 1 and H 0 (gr?K u ) ~ gr?“ . Denote by GD^ uXV = 9 r , D w uXV the 
associated graded object of D^ xV , by {vi U )i^ u the symbol of (dw iu )i^ u and by pj the symbol of d\ j in 
GD U . Since □(&,;) is homogeneous in (cK) we have 

9 r (F>w u xv/F\v u xv^ A u) = GF) U /J A ^i 
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where is generated by 

s fi(rn,D — n *c n $ - n ^ n ^ u ■ 

m i > 0 li> 0 m i <0 li> 0 

i^u 0<i<n i^u 0 <i<n 

Notice that 

GD^ xV /\ ~ C[(d> iu ) i#tt , A 0 ,.. •, A„] ® c CpNAL*]. 

The associated graded complex gr F K u is isomorphic to a Koszul complex 

gr F K u ~ Kos{GD^ uXV /J a Av ^El ) k=0 . d ) , 

where 9 E^ is defined by 

n 

^ ^ Q'ki'WiuViu ^ ^ for /c 1, . . . , (i 

2=1 

and 

n 

i =0 

It follows from the proof of IAdo941 Theorem 3.9] that the 9 E\‘ are part of a system of parameters. Since 
INA^ is a normal semigroup, the ring GD U /J a As is Cohen-Macaulay. Hence ( 3 E%)k=o,...,d is a regular 
sequence in GDyy uXV /J^ s . This shows Hi(gr F K u ) = 0. From [SST00 . Theorem 4.3.5] follows that 

H 0 (gr F k u ) = GD^ xV /(J^ s + ( 9 E%) k = 0 ,...,d) — gr F "M a° u but this shows the strictness of ( K*,F ,.) and 
therefore the claim. □ 

Lemma 3.13. Let 

0—►(Mi,*’), A.-.'H 1 {M n ,F)->0 

be a sequence of filtered D-modules. The following is equivalent 

1. The map dk is strict. 

2. H k {FiM.) ~ F l H k (M.) for all l. 

3. H k (grf M.) ~ grf H k (M m ) for all l. 

Proof. First recall that the map dk is strict iff F) inid^ = FiMk H i m.d k = Fi ker dk H im dk is equal to 
d(FiMk-i). The two commutative squares 

dk-i{Fi-iMk-i) ->■ F]-i ker dk F}-i im4-i-*■ Fi -1 kerd fe 

dk-i(FiMk-i) -- Fi ker d k Fi im d k -i- F t ker d k 

can be extended by the ’Temme des neuf” to the following diagrams with exact rows and columns 
dk-i(Fi-iMk-i) - Ft—i kerd k - H k (Fi_iM.) F]_i im<4_i-^ i kerd fc -»- Fi_ 1 H k (M.) 

dk-iiFMk-r) -- Fi kerd k -- H k (FiM m ) Fi imd k -i -- Fi ker d k -- FiH k {M .) 

d k -\{grf M fe _i)- grfkerd k - H k (grf M.) grf imd k -i - grf ker d k - grf H k {M.) 

Since the filtration is bounded below for all M k and therefore also for H k (M m ), this shows the claim. □ 
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3.5 ^-modules 


In the following the Rees construction of a filtered P-module will be helpful, we are following jSabOhl 
. Let X be a smooth variety of dimension n. The order filtration of T>x gives rise to the Rees ring 
Rf'Dx • Given a filtered XLf-module (M, F,M) we construct the corresponding graded Rf L>x-module 
RfM := FkMz k . In local coordinates the sheaf of rings Rf'Dx is given by 

RfDx = O x [z] {zd Xl ,..., zd Xn ). 

Denote by 3F the product X x C. We will consider the sheaf 

£%sc = Osc <S>o x [z] Rf'Dx 


and its ring of global sections 

Ra‘ := T {X,&x) = O x (X)[z](zd Xl ,..., zd Xn ). 
Given a RfDx-k iodule RfM the corresponding ^^'-module 


:= Osf ®o x [z] RfM . 

This gives an exact functor FT from the category of filtered XW-modules MF(T>x ) to the category of 
^^'-modules Mod{F#a;) 

FT : MF(V X ) —> Mod{3t x ) 

(M,F.M) 

We denote by Mod qc {F^sc) the category of ^^r-modules which are quasi-coherent ©^--modules. We 
denote by = -s _1 ^xxC/C the sheaf of algebraic 1-forms on SF relative to the projection SF —\ C 
having at most a pole of order one along z = 0. If we put = A fc f l 1 ^, we get a deRham complex 


A 


sc 


n 


sc 


where the differential d is induced by the relative differential dxxC/C- If X is a smooth affine variety we 
get the following equivalence of categories. 

Lemma 3.14. Let X be a smooth affine variety. The functor 


T(JT,.) : Mod qc {!%sc) —>• Mod(Rsr) 
is exact and gives an equivalence of categories. 

Proof. The proof is completely parallel to the 22-module case (see e.g. [HTT081 Proposition 1.4.4]). □ 

One can also define a notion of direct image in the category of ^-modules. Since we only need the 
case of a projection, we will restrict to this special situation. Let X , Y smooth algebraic varieties and 
/ : X x Y -> 7 be the projection to the to the second factor. Similarly as above we have a relative 
de Rham complex ^ yxVxC/yxC If I s an ^SCx ^-module the relative de Rham 

complex (..#) is locally given by 


d(oj 0 in) = du 0 m - 


c\t- 

V(—A u)®zd Xi m, 

' z 

i=1 


where (£i)i<i< ra is a local coordinate of X. The direct image with respect to / is then defined as 


f+J( Rf*DRaF X gr/g,(^)[n]. 

Recall that for a filtered V -module ( M,F m M ) the direct image under / is given by 

f+M = Rf * (o —s- M —>■ ^Scxy/y ® M ->■ ... -$■ ^xxy/y ® M ^ oj [n] 
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together with its filtration 

Fpf+M = Rf * (o —> F P M —> !ljxy/y ® Fp+i-M ^xxy/y ® F p + n M -1 [n] ■ 

It is a straightforward but tedious exercise to check that the functor 8 F commutes with the direct image 
functor /+. 


We will apply this to the filtered V- module (AT, F H ) as defined in equation (l33ll in order to compute 
ttz+AT ~ 7 Z°(g + Or) together with its corresponding Hodge filtration. We will denote by 8P x "V the 
space P(W) x V x C. The corresponding ^-module is 

jV := 8F{Af) = O&x-r ®o nw) xv[z\ ■ 

The direct image with respect to 712 is then given by 

— RtT2* (() > jV > TtAgp^y jy 0 tFF —> . . . > TTfp^yjy 0 - > 0^ [n] . (35) 

Since this is rather hard to compute, we will replace the complex 

0 > c/F > Ptf^y^y jy 0 ./F —t . . . > PTfp^y jy 0 ^/F 7 0 

by a quasi-isomorphic one. For this we will construct a resolution of JF. Let FF U x "¥ := 1F U x7xC 
and denote by =/Fi the restriction of .yF to x "V. We write R# oX r = T(#i x then the 

module of global sections of ^ is the R^/ uX ^-module 

n u :=r(ir„ x r,^). 


Proposition 3.15. The R^x ^"-module N u is isomorphic to 

z n ~ d -Rw u xy/lu, 


where l u is generated by 

n ( m,o — n <u n n n 

>0 Z 4 >0 m i <0 Z*<0 

0<i<n i^u 0 <i<n 

where (to, l) = ((m*)^, Zq, ..., l n ) G , 


n n 

~E U k ■= ~ Y akjZd Wiu w iu + F akiAjzdxi for k = l,...,d 

i=0 i= 1 

i^u 


and 

n 

E: :=J2 X * zd ^- 

i—0 

Proof. This follows easily from Lemma id. I 1 1 and Lemma T3.141 


□ 


We will now define a Koszul complex K* in the category of R u -modules which corresponds to the Koszul 
complex K* alluded to above. Write J u for the left ideal in R#'„ x r generated by all operators for 

(fc, l) € Laj, then a computation similar to formula (1341) shows that the maps 

R^uxt/Ju —> R'/TuXT/J U 

P^P-Tdl for k = 0 t ...,d (36) 

are well-defined. Since \E^ 1 , = 0 for ki, /c 2 € (0,..., d} we can built a Koszul complex 

K := Kos (z n ~ d ■ R#- U xr/J u , ( -K)k=o . d) 

whose terms are given by 

n 

z n 2d 1 • R^xt/Ju —t ■ ■ ■ z n d 1 • Rwuxt/^u e\ A e, A ... A e<j —> z n d ■ R^x^/Ju ei A ... A 

i= 1 
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Lemma 3.16. The Koszul complex K* is a resolution of N u . 

Proof. In order to prove the Lemma it is enough to apply the exact Rees functor ST to the Koszul 
complex K* which is a strict resolution of N u in the category of filtered D : W u x U-modules by Lemma 

Km □ 

We denote by JfS* the corresponding resolution of jV u = JV\\w n xv■ We are now able to construct a 
resolution of JY. 

Proposition 3.17. There exists a resolution JfT* of jV in the category of -modules which is 

locally given by 

r {w u x r,jr) = k;. 

Proof. The resolution A^* is constructed by providing glueing maps between the R#" u u x -y-modules 

r {yP Ul u 2 x "T J^Ui) — K Ul [w u 2 u \\ >T(W Ul u 2 X 'f , A^ 2 ) — K U2 [' U; «1u2] 

which are compatible with the glueing maps on 

r (^ui«2 X ~ N Ul [‘U) tt2u i] t T(W Ul u 2 X P, PK 12 ) — Nu 2 [ w ulu2] ■ 

Notice that the latter maps are given by 

Nmi[ u; u2ui] * ■^m 2 [ u, u1u2] 

p , 

which follows from Lemma 13.61 and by tracing back the functors applied to g u+ OT- Using the same 
argument as in Lemma 13.61 shows that the maps 

[ w u2ul\ * K„ 2 [w u 1u2 ] 

P H- L Ul u 2 {P) w utu 2 

are well defined. We have to check that they give rise to a morphism of complexes. But this follows from 
the commutativity of the diagram 


V 


J u 
p — 


•t„ 1 „ 2 (p)<+ 1 2 
- R^ U2 x^/J« 2 


■El 


■ R-^xr/J li 


AP)<i 


n+1 


□ 


3.6 A quasi-isomorphism 


We now apply the relative deRham functor DR^> x -y/-y to the resolution JU* and get a double complex 


n^ y/r «r: 


o 


1 Ao 


n—1 

— 1,0 


jn 

nd 


■ ® Ao 


0 n-l 

■ 1 




t 
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The corresponding total complex is denoted by Tot <8> JF'j ■ 

Proposition 3.18. The following natural morphisms of complexes 

°*/xr/r ® ^ ■* - Tot ® -#*) -^ ^xr/t ® -XT'hid (p n ^ r/r ® JT') =: if* 

are quasi-isomorphisms. 

Proof. Since the double complex <g>is bounded we can associate to it two spectral sequences 

which both converge. The first one is given by taking cohomology in the vertical direction which gives 
the /lili-page of the spectral sequence. Since is a resolution of Jf and is a locally free (i.e. 

flat) O^x^-module for every l = 1,..., n, the only terms which are non-zero are the jE^ -terms which 
are isomorphic to •zV- Hence the first spectral sequence degenerates at the second page which 

shows that £fp> x y/y ® NT -^Tot (p'Px-r/y ® ^*) is a quasi-isomorphism. 

We now look at the second spectral sequence which is given by taking cohomology in the horizontal 
direction. We claim that //Ef’ 9 = 0 for q ^ n. It is enough to check this locally on the charts W u x T 
and moreover using Lemma 13.141 on the level of global sections. Notice that the complex 

is isomorphic to a direct sum of Koszul complexes Kos* (z~ d ~ l R-y uX -r/^A^, x( z 9 Wiu -)i^ u )) where each 
summand is given by 

z n d 1 R-y uX y / J a® — ¥...— >z d 1 R-w u -x.y / J a b u g. i A ... A e n . 

Since Ryy uX y/3A s u can be written as 

<D [z, {zd Wiu )i^ u ] ® C [ 2 ] (c[z, A 0 ,..., A„, (w iu)izpu ]{zd Xl ,...,zd\ n )/ (( D (m.o)( m ,q e] L A » )) ■ 

Since the operators zd Wiu - act only on the first term in the tensor product, we immediately see that 
u E\' q = 0 for q jtz n. 

The fact that Tot (p*J> x y/y ® —> Jzf* is a quasi-isomorphism follows from the fact that nE p ’ q = 0 

for q ^ n, i.e. the second spectral sequence degenerates at the second page. □ 

The next result is an explicit local description of the complex ££'*. 

Proposition 3.19. For any u £ {0,..., n} define the ring 

b x y * = C[z, Ao, • • ■, A n , i^u] {zd Xl ,..., zd \ n ) 

and denote by T? the sheaf of rings on W x T which is locally given by 

r(r tt xf,y) = s^ X f 


with glueing maps 


Syr ul xA w u2 Ul \ —* 

P • y l UiU 2 (^P^) . 

Denote by J a s u the left Sf^xt -ideal generated by the Box operators □(&,;) for ( k,l ) G ILaj. Note that this 
is a slight abuse of notation, as the ideal generated by the same set of operators in the ring was 

also denoted by Ja* ? but which is justified by the fact that these generators do not contain the variables 
zd Wiu . Then the complex «Sf* is given locally by 

W X y, JSf) CS Kos\z~ d S^xr/JAJ, (E k ) k =o,...,d) (37) 
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whose terms are given by 

2 _2d_ is^' uX y/J j4 j —> ... —> z~ d Syp uX -r A ... A 

where 

n 

E k ■—'^2,a ki \ i zd\ i for k = l,...,d 

i= 1 
n 

E 0 := ^2 Xizd\ i . 

i=0 

Proof. It follows from Proposition ^. lSI that the 0-th cohomology of the complex ^*2x r/ r ® 

is a direct sum of terms of the form U 0 (z _d A'os*(R^/ uX ^/JA“, Taking the cokernel of 

left multiplication on R^ uX -x/Jaj by zd Wiu shows that we have an isomorphism of S-^ uX -^-modules 

H\z- d Kos'( Rr„ x y/JA 5 , {zd Wiu -)^ u )) ~ z- d Syr uX r/J A?L - 

Hence equation (1571) follows. □ 

The ideals Ja- glue to an ideal ^ C 5?. Notice that the Euler vector fields {Ek)k=o,...,d are global 
sections of 5?. Recall the glueing maps for F(W U x <8» JtT p ): 

n n 

dwi Ul P i y dwi U2 ■ ( , w UlU2 ') ® l , uiu2(E')w u ^ U2 . 

« = 0 i=0 

Since both powers of w UlU2 on the right hand side cancel when considering the quotient Jz? p , we see that 

-S?* - Kos'{z- d y/f, {E) h =o,..., d ) ■ 

Summarizing, Proposition 13.181 and Proposition 13.191 show that instead of computing the direct image 
© we can compute 

Rn 2 *(Sf) ~ RTT 2 *{z- d Kos%y / J , (£)*= . .«f) • 


3.7 Computation of the direct image 

Because of Lemma T3.141 it is enough to work on the level of global sections: 

rf?7r 2 *(Jz?*) ~ RTRn 2 *(J? m ) ~ f?r(Jz?*) ~ RT{Kos\z- d y / J? , (E)k=o,...,d)) , (38) 

where the first isomorphism follows from the exactness of r(C, •). 


We will show that each term of the complex ££* is T-acyclic. For this it is enough to show that 3^/ Jf 
is T-acyclic. Recall that & x "V = C z x P (W) x V. We denote by W x "V the space C z x W x V. Let 

S := G[z,w 0 , ...,w n ,\ 0 ,.. .,\ n ](zd\ 0 ,.. ,,zd A „) 


and consider the S-module 

S/Ja- j 


where the left ideal Ja s is generated by 

□(M) = w ki wf ki Wizdxf)^ for (k,l) <£ Pa- 

ki> 0 li> 0 fci<0 Zi<0 

and the matrix is given by 


/1 
0 


d s (oq, ■ ■ •, af n , &o> • ■ ■ i£n) : — 


0 an 


\0 a d i 


1 0 0 ... 0 \ 

0 1 1 ... 1 

«ln 0 On . . . din 

O'dn 0 a d l ■ • ■ a d nj 
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and JLa* is the Z-module of relations among the columns of A s . Notice that S/Ja* is Z-graded by the 
degree of the Wj. Denote by S Wu the localization of S with respect to w u , then one easily sees that the 
degree zero part [S,„ u /Ja 3 ]o of S,„ u /Ja 3 is equal to T(W U x Y, S? /^ r ) ~ S^/ uX -x/Jaj if we identify Wi/w u 

with Wi U . Let S/Ja 3 be the associated the sheaf on x Y having global sections [S/Ja 3 ]o> then we 
obviously have 

S/J^ ~ S'/S . 

Define 

M*U) := 0 x r, {S'/S){a )). 

o£Z 

We want to use the following result applied to the graded module S/Ja 3 

Proposition 3.20. \Gro61\. Proposition 2.1.3] There is the following exact sequence of Z-graded S- 
modules 

0 —► H^( S/JaO —► S/Ja s —► MS'/S) — ► H^{ S/Ja.) —► 0 
and for each i > 1 the following isomorphisms 

0iP(^ x Y,(S'/S)(a)) * H\£{ S/Ja«) (39) 

o£Z 


where (w) is the ideal in C[z, Ao, ..., A n , iro, ■ • ■, Hn] generated by wq, ..., w n . 

Proof. In the category of C[ 2 , Ao,..., X n , wq, ... w„]-modules, the statement follows from |Gro611 Propo¬ 
sition 2.1.3]. The statement in the category of S-modules follows from the proof given there. □ 

In order to compute the local cohomology of S/Ja s we introduce a variant of the Ishida complex (see 
e.g. III193 . Theorem 6.2.5]). Let T := C[wo, ■.., w n , zd \ 0 ,..., zd aJ C S be a commutative subring and 
let CpNTP] be the affine semigroup algebra of A s , i.e. 

C[FA1 S ] = € Cfo*..., yt +1 ] | c e INL4 S c Z d + 2 } . 

We have a map 

$A 3 : T —» C [WA S ] 

Wi ^ y^ 
zd Xi ^ y-* . 

Notice that the kernel Ka« of <I>a 3 is equal to the ideal in T generated by the elements □(&,;), hence 

T/K a 3 ^ C[INL4 S ]. 


Remark 3.21. The Z-grading of T by the degree of the Wi induces a Z-grading on C[lN3l s ] since the 
operators □(*, n are homogeneous. The semi-group ring <D[1NA S ] C C[Z d+2 ] carries also a natural Z d+2 ~ 
grading. Looking at the matrix A s one sees that the Z-grading coming from T is the first component of 
this Z d+2 -grading. 

We regard CpJL4 s ] as a T-module using the map $a 3 , which gives the isomorphisms 

S/J A ‘ — S ® T T/K A “ — S ® T CpNA 8 ]. 

We want to express the local cohomology of S/Ja s by the local cohomology of the commutative ring 
CpNlA®]. For this, let I be the ideal in C[IM3l s ] generated by y^,...y-^, then we have the following 
change of rings formula: 

Lemma 3.22. There is the following isomorphism of Z-graded S-modules: 

H(w)(S/ J A “) — S (C[JNL4 5 ]). 
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Proof. Notice that if S was commutative this would be a standard property of the local cohomology 
groups. Here we have to adapt the proof slightly. First notice that it is enough to compute H k w )(S/ Ja°) 
with an injective resolution of T-modules. To see why, let /* be an injective resolution (in the category 
of 5-modules) of S/J A s. Since 5 is a free, hence flat, T-module, it follows from Homs(S ®t M, J) ~ 
5 ®t /), that an injective 5-module is also an injective T-module. Therefore we have 

H[wf{S/J A s) ~ H k T fe) (/*) = H k T P (r) ~ H k (S/J A s), 

where T is the ideal in T generated by wq, ..., w n and the second isomorphism follows from the equality 

r (2£) (/ fc ) = {x e I k | Vi 3h such that w ki x = 0} = T r {I k ) ■ 

Let J* be an injective resolution of T/ K A s. In order to show the claim consider the following isomor¬ 
phisms 

5 ® T Hf (C[FH S ]) ~ 5 ® T H k (T/K A s) 

~S® T H k T r (r) 

— H k (S ® T T r (J')) 

~H k T r (S ® T J*) 
cs H k (S/ J A s ), 

where the third isomorphism follows from the fact that 5 is a flat T-module and the fifth isomorphism 
follows from the fact that 5 ®t J * is a T-injective resolution of 5/ J A s ~ 5 ®t T/K A s. □ 


3.8 Local cohomology of semi-group rings 

Let T be the face lattice of !R>oH s and denote by the sub-lattice of faces which lie in the face a 
spanned by ag,..., a® . For a face a of H> 0 ^4 S consider the multiplicatively closed set 

Ua ;= {y- | c G M(H S n a)} 


and denote by = C[1NH S + Z(A S fl a)] the localization. We put 

L k = 0 C[FL4 s ] r 


T€lT<j 
dim T = k 


and define maps f k :L k —» L k+1 by specifying its components 
f k ,^ T : C[1NH s ] t , -)• C[1 NH s ] t to be 


0 if t' (jL t 

e(r', r)nat if r' C r 


where e is a suitable incidence function on T a . The Ishida complex with respect to the face a is 

L% : 0 ->• T° -)• L\ ... -> Li +1 -> 0 . 


The Ishida complex with respect to the face a can be used to calculate local cohomology groups of 

C[INH S ], 

Proposition 3.23. As above, denote by I C C[1NH S ] the ideal generated by the elements & A s(wi) = y-*. 
Then for all k we have the isomorphism 

^(CpNH®]) ~ H k {Ll ). 

Proof. The proof can be easily adapted from | BH93l Theorem 6.2.5]. For the convenience of the reader 
we sketch it here together with the necessary modifications . In order to show the claim we have to prove 
that the functors N >->■ H k (L * ® N) form a universal (5-functor (see e.g. |Har77j h If we can additionally 
show that 

LT?(C[INL4 S ]) cs H°(T*) (40) 
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the claim follows by [Har771 Corollary III.1.4]. Let .7^(1) be the set of one-dimensional faces in T„ and 
notice that 

iLS(C[lNA s ]) ~ ker I C[FL4 S ] —► 0 C[FL4 s ] r ~ 7J°(L* <g> T M ), 

\ reJ^M) ) 

where I C C[INA S ] is the ideal generated by | R> 0 a® 6 J>(1)}. In order to show CHI) we have to 
show that rad I' = I. Since I' C I and I = rad I (I is a prime ideal corresponding to the face spanned 
by ^ is enough to check that a multiple of every y- £ I lies in V. But this follows easily from 

the fact that the elements {af | IR>oaf £ (1)} span the same cone over Q as the elements {ag,... ,a^}. 

The proof that N H k (L* a <8 >t N) is a 5-functor is completely parallel to the proof in IBH93) . □ 

Notice that the complex L * is Z d+2 -graded since CpNA 3 ] is Z d+2 -graded. In order to analyze the coho¬ 
mology of L* we look at its Z d+2 -graded parts. For this we have to determine when (C[1 A s ] t )i; ^ 0 
(and therefore (C[INyl s ] r ) a: ~ C) for x £ r L d+2 . 

We are following [BH931 Chapter 6.3]. Denote by Ca b the cone R>oA s C R d+2 . Let x,y £ R d+2 . We 
say that y is visible from x if y ^ x and the line segment [ x , y\ does not contain a point y' £ Ca b with 
y' y. A subset S is visible from X if each v £ S is visible from x. 

Recall that the cone Ca b is given by the intersection of finitely many half-spaces 

H+ := {x £ R d+2 | (o T , x) > 0} t£ X(d + 1) 

where J-(d + 1) is the set of d + 1-dimensional faces (facets) of Ca b ■ We set 

x° = {t | (a r , x) = 0}, x + = {t | (a T ,x) > 0}, x~ = {r | (a r , x) < 0} . 

Lemma 3.24. fBHQdi Lemma 6.3.2, 6.3.3] 

1. A point y £ Ca b is visible from x £ IR d+2 \ Ca b if and only if y° fl x~ ^ 0. 

2. Let x £ X d+2 and r be a face of Ca b - The C-vector space (CpNA*],-);,; ^ 0 if and only if r is not 
visible from x. 

Recall the facet a £ J-{d + 1) which is spanned by Oq, ..., a®. It is the unique maximal element in the 
face lattice T a C T. Denote by H a its supporting hyperplane (i.e. a = Ca b Cl H a ) which is given by 

H a = {x£R d+2 \ (a a , x) = 0} , 

where a a = (0,1,0,..., 0). Let r £ be a fc-dimensional face contained in a and set I T := {i \ of £ r}. 
Notice that the vectors {af | i £ I T } span the face r. This face r gives rise to two other faces, namely 
its ’’shadow” r s which is spanned by the vectors {bf \ i £ I T } and the unique k + 1-dimensional face r° 
which contains both r and r s . Let {ri,... ,r m } = iF a (d) be the faces of dimension d contained in a , 
which give rise to the facets rf,..., rf,. 

First notice that by Lemma f3. 241 1 the facet er is visible from a point x £ R d+2 if and only if {a a ,x) < 0. 
If (aa-, x) > 0 a face r, is visible from x if and only if the facet t f is visible from x, i.e. (a r <=, x) < 0. 

Notice that the set 

5 := Z d + 2 n (IR(sS, + E>o(6S, • • • X)) 

is the set of Z d+2 -degrees occurring in C[INA S ] 0 . Given a point x £ S with ( a a ,x ) > Owe want to construct 
a point y x £ Z d+2 which lies in H a so that r, is visible from x if and only if it is visible from y x . Denote 
by z x the projection of x to the sub-vector space generated by b ^,..., 6* . Since the semi-group generated 
by these vectors is saturated, we can express z x by a linear combination with positive integers 

n 

z x = ^2, n i G IN . 

i=0 
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Since rf is generated by the vectors {a* | i £ I T } U {bf | i £ I T }, the first two components of the vector 
a T ? are equal. Hence, if we set 

n n 

y x -.= X + J2 n i“i - J2 71 i$ 

i —0 2—0 


we easily see that 


(a T c,x) = ( a T c,y x ) 


for i = 1,..., m. 


(41) 


We are now able to compute the cohomology of the Ishida complex with respect to the face a. Set 


H t9 := {x £ R d+2 | (a T c,x) < 0} fori = 1, ..., m 

and define 

m 

s~ ■.= z d+2 n h+ n p| h~c. 

i=l 

Proposition 3.25. Let x £ S. 

1. If x £ S, then (L') x = 0. 

2. If x £ S \ S~, then H l (L^) x = 0 for all i 

3. If x £ S~, then H l (L^) x = 0 for i ^ d + 1 and H d+1 (L*) X ~ k. 

Proof. The first point follows from the fact that we have (CpNTP],^ = 0 for x ^ S', hence (L l a ) x = 0 
for all i. For the second and third point we can assume that x lies in H a , because x £ S~ if and only if 
y x £ S~ fl H a by formula (1411) . Recall the matrix A. The semigroup ring C[1N.A] embeds in C[1NA S ] via 
the map 


CpN.A] —> C[1C4 S 


y-' ^ y~ 


Denote by p the projection 


p : Z d+2 —> Z d+1 

(xi,..., x d + 2 ) i-l (xi, x 3 ,..., x d+2 ) 


then we have 

C[INL4 S ] X ~ C[FH] p(x) for x £ H a . 

Under this isomorphism the Z d+2 -graded part (L^.) x of the Ishida complex with respect to the face a goes 
over to the Z d+1 -graded part (L*) p / X \ of the Ishida complex considered in [BH93] . Hence the proposition 
follows from Theorem 6.3.4 in loc. cit. . □ 


3.9 Proof of the main theorem 

Corollary 3.26. The "Ai-graded local cohomology S-modules H* w ^S/ Ja 3 ) have strictly negative degree. 

Proof. Proposition 13.251 shows that H Z (L*) = 0 for i ^ d + 1 and H d+1 (L*) X = 0 if x ^ S~. Now let 
x £ S' - , then deg z (x) < deg z (y x ). Since all elements in S - D H a have negative Z-degree (notice that 
S~ fl H a is equal to R<o(ao, • • ■ the claim follows from Proposition [3231 and Lemma 13.221 □ 

Corollary 3.27. The SA-modules d// JI are T-acyclic. 

Proof. This follows from the fact that the local cohomology groups H l (S/ Ja s ) are concentrated in strictly 
negative degrees and the degree zero part of formula (13§1) . □ 

Proposition 3.28. There is the following isomorphism in D b (&y): 


rn 2+ ^ ~ T(Kos\z- d y/f, (E) k = 0 ,..., d ) ■ 
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Proof. By formula (l35l) , Proposition 13.181 and Proposition 13.191 we have the isomorphisms 


Ttt 2+ ^ ~ ri?7T 2 *(0^ /r (8) JT) 

~ RTRw2*(^. r/ r 

~ RT(£r+Zr/r ® -*) 

~ RT(^T). (42) 

Using the last isomorphism in (1351) and Corollary 13.271 we get 

KT(jr) ~ RT{Kos'{z- d y//, d)) - T{Koa u {z- d 3'/J , (E) k = «f)) • 

□ 


Denote by 5 a the ring 

5a := C[z, A 0 ,..., A n ] (^i9ao , • • ■, zd \ n ), 
let J~ C 5a be the left ideal generated by 

= f ° r i -^a 

h >0 h <0 

and let I~ C S\ be the left ideal generated by J~ and the operators 

n 

Ek = ^ a k i\izd\ i for fc = 1,..., d 

i =1 
n 

= Xizdx i • 

2—0 

Lemma 3.29. There is the following isomorphism of Siy-modules 

TH°(tt 2+ pT) ~ W°(r7r 2+ ./L) ~ z~ d S x /l\. 

Proof. The first isomorphism follows from Lemma 13.141 The second isomorphism follows from Proposi¬ 
tion [22H1 the isomorphism 

n&u) - s x /j\ 

and the isomorphism 

z~ d S x /l\ ~ H° ( Kos • ( z~ d S x /j\, (B) fc=0 ,...,d)) • 

□ 

We are now able to prove the main theorem of this paper. Let A be the (d + 1) x (n + 1) integer matrix 

1 ... 1\ 

Oil • ■ • Clin 

Udl • ■ • Cldn J 

given by a matrix A = (o.jk) such that ZA = Z d+1 , such that IN’A = Z d+1 n U>o^4 and such that 

int(NA) = 1NA + c for some cSlNA. 

Theorem 3.30. Let A be an integer matrix as above. The GKZ-system A4~ carries the structure of a 
mixed Hodge module whose Hodge-filtration is given by the shifted order filtration, i.e. 

(■). 


A = 


/I 

0 

Vo 
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Proof. Recall the isomorphism 

M\ ~ n\K{9+o T )) ^ H 0 (ir 2 +jmjWig+O T ) * n°(n 2+ Ar). 

We have already computed the Hodge filtration of N. In order to compute the Hodge filtration under 
the direct image of ir 2 , we will use the results obtained above and read off the Hodge filtration from the 
corresponding <^V _m odule IZ(A1~, F H ). We have the following isomorphisms 

T3 r {M\, F h ) ~ r^{n°{TT 2+ M, F h )) ~ TH°(Tr 2+ yP) ~ z~ d S x /l\ . 

Using these isomorphisms the claim follows easily. □ 


3.10 Duality 

For applications like the one presented in the next section, it will be useful to extend the computation 
of the Hodge filtration on At - to the dual Hodge-module DAt This is possible under the assumption 
made in the above main theorem ('Theorem Id.301) . More precisely, it follows from IWal07j . that under 
these assumptions, the XV-module DAt - is still a GKZ-system. Hence it is reasonable to expect that 
its Hodge filtration will also be the order filtration up to a suitable shift. 

Theorem 3.31. Suppose that A £ M(d x n,Z) is such that ZA = h d+1 , IN A = Z d+1 fl R>oA and such 
that there is mt(lNA) =c + IN A for some c = (co, c) £ TL d+x . Then we have 

~ m 

A A 


and the Hodge filtration on DAt 1 !- is the order filtration, shifted by Cq + n, i.e., we have 


F h H>M°~ ~ F ord M 

± p A _ ± p_ n _ CQ J''l A 


-(c 0 ,c) 


Proof. The proof is very much parallel to [RS151 Proposition 2.19] resp. [RSI21 Theorem 5.4], we 
will give the main ideas here once again for the convenience of the reader. We work again with the 
modules of global sections, and write D := <D[Ao, • ■., A„](i9\ 0 ,..., d\ n ) and P for the commutative ring 
C[<9a 0 , . .., dx n ]/(0 L ) Le i JA These rings are Z d+1 -graded by deg(A;) = o f , deg(<9 Ai ) = -a»- 
In order to calculate DM- together with its Hodge filtration, we need to find a strictly filtered free 

resolution (L„F.) (M^F?) = {M°~,F^ d d ). We have already used in the previous sections of this 

paper resolutions of “Koszul”-type for various (filtered) V- modules. Here we consider the Euler-Koszul 
complex 

K, := K . (E, D ®c[0J P) : 


as defined in [MMW05] . We have := /\‘ (D <S>c[&] P )(notice that these modules are not ID-free), and 
the differentials are given by a suitably twisted left action of the vector fields Ei making them left ID-linear. 
Then a free resolution of M~ is constructed as follows: Take a C[9]-free graded resolution of T m -» P 
(placed in negative homological degrees), and define L . to be the total complex Tot (K,(E, D <S>c[iy T.)). 
Notice that the double complex K,{E , D ®c[a A ] T,) exists since K,(E, D <8>c[&] —) is a functor from the 
category of Z d+1 -graded C[9]-modules to the category of (bounded complexes of) Z d -graded ID-modules. 
Then we have = 0 for all k > n + 1 (notice that the length of the Euler-Koszul complexes is 
d + 1, and the length of the resolution T. -» P is n - d+ 1, hence the total complex has length 
(d + 1) + (n — d + 1) — 1 = n + 1). Moreover, the last term L_( n+1 ) of this complex is simply equal to 
D (and so is the first one Lq). 

As we have mi(lNA) = c + 1NA, the ring C[1NA] ~ P is Gorenstein, more precisely, we have up = P(c), 
where up is the canonical module of P. Then a spectral sequence argument (see also IWal07l Proposition 
4.1]), using 


Ext cm {P,u cm ) 


0 if i < n — d 

P (c) if i = n — d 


shows that 

DM?- ^ M~ c . 

A A 
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In order to calculate the Hodge filtration on M~ c , we remark that the Euler-Koszul complex is nat¬ 
urally filtered by putting FpK-i := A' F pld-i ( D <g> c[ a] P)- Notice that D ® c[a] P ^ -D/(D i )z eLji , so 
that this D-module has an order filtration induced from F° rd D. In order to show that (F m ,K,) -» 
(M~,F ff ) is a filtered quasi-isomorphism, it suffices (by Lemma T3.131) to show that gr*K m -» gr, M°~ 

is a quasi-isomorphism. This follows from (SSTOOi Formula 4.32, Lemma 4.3.7], as CpNiA] is Cohen- 
Macaulay due to he normality assumption on A. The final step is to endow the free resolution L , = 
Tot (K,(E, D ®c[a x ] T»)) with a strict filtration F m and to show that ( L m ,F m ) -» (M~, F , r ). As the res¬ 
olution T m -» P is taken in the category of ZA +1 -graded C[<9]-modules, the morphisms of this resolution 
are homogeneous for the (Z-)grading deg(Ai) = —1 and deg(cAi) = 1 (notice that this is the grading 
opposite to the Z-grading given by the first component of the ZA +1 -grading of the ring .D<8>c[g] P and its 
powers). Hence these morphisms are naturally filtered for the order filtration F° rd {D ig)®^ P) and they 
are even strict: for a map given by homogeneous operators from C[<9] taking the symbols has simply no 
effect, so that gr, (D ®c[g| T,) -» gr, (D ®c[9] P) is a filtered quasi-isomorphism (and similarly for 
the exterior powers occurring in the terms K_i). However, we have to determine the Z-degree (for the 
grading deg(cA, : ) = 1) of the highest (actually, the only nonzero) cohomology module Ext]^(P, 
it is the first component of the difference of the degree of u$\g\ (i.e, the first component of the sum of 
the columns of A), which is n + 1, and the first component of the degree of up, which is co. Now the 
shift of the filtration between M~ and the dual module module M~^ C0,C ' > is the sum of the length of the 
complex K,(E, P), i.e., d+1, and the above Z-degree of Ext‘^^(P,uJc\a\), he. n + 1 — cq. Hence 

the filtration F,L_( m+ 1 ) is again the shifted order filtration, more precisely, we have 

7ti t _ TAord /-) Tpord tx 

-Pp-^—(n+l) — ^pJ t d—{d+l) — {n-\-l—co)^' ^ p—n— 2+co^ * 

Now it follows from [ !Sai941 page 55] that 

H{M%F h ) ~ Hom D ((L,,F .), ((£) ® H^ +1 ) v , F m _ 2 (n+i)D ® (Hy +1 ) v )) 

so that finally we obtain 

F h J3M°~ = F ord M7 (c °’ c) 

± p iw±y± A ± p—n —c 0 ^ 

□ 


From Proposition 13.31 we get the morphism 


Fp r + d -c 0 M A 


-(c 0 ,c) 


= F p H +n+d B(M ° A ) = F p H B(M° A )(-n - d ) 


F p H M° A = F°l d d M\ 


p ^ p ■ a (co ’ c) 


where d ( c ° ,c ) := nT=o f° r an y — = (An ■ • • , k n ) with A - k = (cq, c). Since A is homogeneous we have 
Y^ki = Cq. As a consequence, we have the following result. 

Corollary 3.32. The morphism 


</> : (M 


— (co,c) jpord \ 
> ^ — Cq) 


(M%,Fr d ) 


p 


p. g( c o,c) 


(where d^ Co,c ' > is as above) is strictly filtered. 
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4 Landau-Ginzburg models and non-commutative Hodge struc¬ 
tures 

In this final section we will give a first application of our main result. It is concerned with Hodge 
theoretic properties of differential systems occurring in toric mirror symmetry. More precisely, we will 
prove |RS12i Conjecture 6.13] showing that the so-called reduced quantum T>-module of a nef complete 
intersection inside a smooth projective toric variety underlies a (variation of) non-commutative Hodge 
structure(s). We will recall as briefly as possible the necessary notations and results of loc.cit. and then 
deduce this conjecture from our main Theorem 13.301 

Let Xy, be smooth, projective and toric with dime (Xy ) = k. Put m := k + ^{Xy). Let £i,...,£; 
be globally generated line bundles on Xy (in particular, they are nef according to [Ful931 Section 3.4]) 
and assume that —Kx s — E!=i c i(A) is nef. Put £ := ©* =1 A, and let £ v the dual vector bundle. Its 
total space V(£ v ) := Spec 0v (Sym 0x (£)) is a quasi-projective toric variety with defining fan S'. The 
matrix A £ M((k +1) x (m +1), Z) whose columns are the primitive integral generators of the rays of £' 
then satisfies the conditions in Theorem 13.311 More precisely, we have 'LA = L d+1 and it follows from 
IRS121 Proposition 5.1] that the semi-group 1NA is normal and that we have int(T£A) = c + INL4, where 
c = E™m +1 e i = (l + 1,0,1), Ci being the i’th standard vector in L 1+m+l . 

The strictly filtered duality morphism </> from Corollarv l3.32l is more concretely given as 

4>- —> (A4 ~, F° rd ) 

P i —P ■ d\ 0 ■ d\ m+1 •... • d\ m+l . 

Proposition 4.1. The image of tf> underlies a pure Hodge module of weight m + k + 2l, where the Hodge 
filtration is given by 

F?im{(t)) = im(<t>) n F°f_ d k+l M\. 

Proof. This is a consequence of IRS 121 Theorem 2.16] and of Proposition 13.31 □ 

A main point in the paper [ RS12I is to consider the partial localized Fourier transformations of the GKZ- 
systems vV! ~. We recall the main construction and refer to (RS121 Section 3.1] for details (in particular 
concerning the definition and properties of the Fourier-Laplace functor FL and its “localized” version 
FL loc ). 

Let (as done already in section in l3.ll) A be the affine space C m + l with coordinates Ai,..., X m +i (so that 
V = Ca 0 x A) and put V := C 2 x A. Let be the Pp-module Dy\z~ x )IT, where T is the left ideal 

generated by the operators (for all l G L^), Ej — (3jz (for j = 1 ,... ,k + 1) and E — fioz, which are 
defined by 

Di_ := n (z-d Xi y li - n {z-d Xi ) u , 

i:li< 0 i:li> 0 

E := z 2 d z + Y;?J 1 l z Xid Xi , 

Ej := ES' aji zXid Xi . 

We denote the corresponding Pp-module by . Then we have (see IRS 121 Lemma 3.2]) 

FL^ oc (a4^ 0,/3) ) = M ( l 0+m . 

Consider the filtration on Pp for which z has degree —1, d z has degree 2 and deg(A^) = 0, deg(9\i) = 1- 
Write MF 2 (X>p) for the category of well-filtered 2?p-modules (that is, X>p-modules equipped with a 
filtration compatible with the filtration on just described and such that the corresponding Rees 
module is coherent over the corresponding Rees ring). Denote by G. the induced filtrations on the 
module which are 7^c 2 xA-modules. We have 

GqM^ 0 '^ = TZc z xA/Tic z xAiOi_)i e YA + Fc z xaE + TZc z xA{Ej)k=l,...,k+l 


43 






















and G k M^ 0 '^ = z k ■ GqM.^ 0 '^ In general, the modules and their filtration steps may be quite 

complicated. However, we have considered in IRS12I their restriction to a specific Zariski open subset 

A" c (a\USV. = 0}) C A (called W° in IRS 121 Remark 3.8]), which contains the critical locus 
of the family of Laurent polynomials associated to the matrix A (but excludes certain singularities at 
infinity of this family). Denote by o At ( f 0,/ ^ the restriction (Ad ( ^ 0,/3 ^)|c 2 xA° together with the induced 
filtration G.° M^ 0 ’^. Then Gfc°A4^f 0,/3 is Oc z xA °-locally free for all k. Moreover, the multiplication by 
2 is invertible on At^ 0 ’^, filtered with respect to G, (shifting the filtration by one) and so is its inverse. 
Hence, we have a strict morphism 

■* : (°M^ 0 ’ P) ,G.) —► (°M^°- m ,G. + 1). 

We also need a slightly modified version of the Fourier-Laplace transformed GKZ-systems. More precisely, 
define the modules °Af^ as the cyclic quotients of V c z xA° [^ _1 ] by the left ideal generated by for l £ 
and Ej — z(3j for j = 0,..., k + c, where 

□i := I! I] n (Xi(z-di) -z-v) 

li >0 i£{ra+l,...,ra+Z}: li>0 v=l 


ra+Z 


-li 


- n ^■ n a i ii {z-di) u n n( Xiiz-o^-z-u). 

i— 1 Zi<0 i£{m+l,...,m+Z}: Z^<0 v= 1 


Consider the invertible morphism 


* : °Af(0,0,0) o^-(2i,0,l) 


(43) 


given by right multiplication with z l • TIfcm +1 X% (recall that A^ ^ 0 on A°). We define </> to be the 
composition <j> •.= <f> o 4/, where (f> is the morphism 

given by right multiplication with d\ m+1 • ... • d \ m+l . In concrete terms, we have: 

4 > : °A/1°’ M) —> , 


(j){x * Z • A m+ 1 * . . . • A rn+l) — £ * (zX m+ id m+ i) 


(z A m _)_; ). 


We have an induced filtration G.°7Vj 1 0 ’-’® which satisfies 

Go°A4 0 ’“' J = ^C 2 xA°/Kc z xA” (D^ieLA + T^-C z xA°(Ej — zfij)j—o t ... tTn +l 

and G k ° A/^ 0,M) = z k ■ G 0 °fl$' m 

In order to obtain the lattices G. we need to extend the functor FL^ C to the category of filtered 15- 
modules. 

Definition 4.2. Let (M,F,) £ MF(£y) = MF(2?c^ 0 xa)- Define M[df^} := Vy[d^\ <S)t> v M and 
consider the natural localization morphism loc : At —t We define the saturation of F, to be 

F k M[d£] := £ d~n^c ( F k+j M ) . (44) 

j> o 


and we denote by G % M. the filtration induced from F k M.[d x ^\ on A4 := FL^ C (M) £ M k {D p) = 

M h (2? c ,xA). Notice that for (A i,F % ) = (A F° rd ), the two definitions of G. coincide: As we 
have 


Fr 


M 


(/3 0 -l,/3Wl 


[^Ao 1 ] = im (3a 0 c [V Ai ,..., A m+ i] (d x ^, d^dx,d^d Xm+l » in M 


(0O — l,P) 1 


the filtration induced by Ff rd M. t '~ 0 ~ 1 ' j3 \df^} on M^ 0 '^ is precisely G k M^ 0 '^. 

We denote by (FL^ 0 , Sat) the induced functor from the category MF(XV) to the category MF 2 (I?y) which 
sends (A4,F.) to (A4,G.). 


44 






From the above duality considerations, we deduce the following result. 

Proposition 4.3. The morphism 


is strict with respect to the filtration G ., in particular, we have 

4> (G 0 °7Vl 0 ’ 2 ’ fi) ) = G 0 °M^ l ’ m n im(0) 

Moreover, the object (im(<f>),G.' S J is obtained via the functor (FL^ c ,Sat) from (im(4>), Ff 1 = F°f_ d k+l ), 
which underlies a pure Hodge module of weight m + k + 21 by Proposition \ ).1\ 

Proof. The morphism 'F is invertible, filtered (shifting the filtration by —l) and its inverse is also filtered. 
Hence it is strict. Therefore the strictness of </> follows from the strictness of zej>. We will deduce it from 
the strictness property of the morphism </> in Corollarv l3.32l 

Notice that the morphism </> is obtained from </> by linear extension in df \ Recall that the morphism 

4> ■ (M~ {l+lfi -’ l \F: rd ) —► (M%F.°l d l+1 ) 

was strict, hence equation (HUl yields the strictness of 

f : {M~ A ^\G.) —► ,G. +l ) 

Finally, as already noticed above, this yields the strictness of 

4> = fo T : (A/*°’ M) , G.) —> G.). 

□ 


The next corollary is now a direct consequence of ISab08l Corollary 3.15]. 

Corollary 4.4. The free Oc z xA° -module GqM a l ’~’® fl im(<j>) underlies a variation of pure polarized 
non-commutative Hodge structures on A° (see I Sab IT] for a detailed discussion of this notion). 

The main result in |RS 12| concerns a mirror statement for several quantum 27-modules which are as¬ 
sociated to the toric variety Xy and the split vector bundle £. In particular, one can consider the 
reduced quantum 27-module QDM(Xe,£) which is a vector bundle on C 2 x 22° (W, C) x 23*, where 
23* := id £ (C*) b2 ( Xs \ | 0 < |g| < e} together with a flat connection 


V : QDM(X S ,£) -> QDM(X S ,£) ® 0 


c z xh°(x s ,c)xb; 


z 1 ^C z xff°(As,C)xB* (l°g({0} x H°(Xy, C) X 23*)) . 


We refer to |MM11I for a detailed discussion of the definition of QDM(Xs,£), a short version can be 
found in }RS12i Section 4.1]. Notice that in loc.cit., QDM(Xs,£) is defined on some larger set, but in 
mirror type statements only its restriction to 22° (Xy■ C) x C z x 23* is considered. In the sequel, we will 
need to consider a Zariski open subset of /CA4° C (C*) 62 ^) which contains 23*. We recall the main 
result from iMMll j. which gives a GKZ-type description of QDM(Xs,£). We present it in a slightly 
different form, taking into account 1RS121 Proposition 6.9]. Let Tie zX km° be the sheaf of Rees rings on 
<D~ x 2CA4°, and Rc,xK.m° its module of global sections. If we write qi ,..., q r for the coordinates on 
(<D*) r (with r := 62 (W), then Rc z xK.m°) is generated by zqid Qi and z 2 d z over Oc z xKM°- 
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Theorem 4.5. For any C £ Pic(Xs) ; write C £ Rc z xkm° for the associated “quantized operator” as 
defined in \MM11[ Notation f.2.] or IRS HA Theorem 6.7]. Define the left ideal J of Rc z xKM° by 

J '■= Rc z xKM°{Ql)l£L A i + Rc z xKM° - E, 

where 

Ql : = n n (a -vz) n n (a+ 

- g L ■ n n (a - "z) n n (4+. 

ie{l,...,m}:Zj<0 "=0 v ' je{l,... ,c}:l m +j <0 v=l v ' 

E ■= z 2 d z — Ky(£v) . 

Here we write Vi £ Pic(As) for a line bundle associated to the torus invariant divisor Di, where i = 
1 ,... ,m. Let K C Rc z xKM° be the ideal 


K -.= { P £ R Cz 


xKM° 


| 3p £ Z, k £ IN : nn (C +p + i)P £ J 


i=0 j=l 


and K. the associated sheaf of ideals in Rc z xKM° ■ 

Suppose as above that the bundle —Kx s — £j ® s ne f an d 'moreover that each individual bundle 

Cj is ample. Then there is a map Mir : B* — > H°(JCs, C) x B* such that we have an isomorphism of 
TZc z xB* -modules 

(Rc z xKM°/fc)\c z xB* (idc* xMir)* QDM(Xs ,£). 

In order to relate the quantum 2?-module QDM(Xe,£) with our results on GKZ-systems, we will use 
the restriction map p : KM° ^ A as constructed in [RS121 (discussion before Definition 6.3. in loc.cit.). 
Then it follows from the results of loc.cit., Proposition 6.10, that we have an isomorphism of R-c z xKM°~ 
modules 

Kc z xkm°/>C ^ (id c , xp)* 

Now we can deduce from Corollary 14.41 the main result of this section. 

Theorem 4.6. Consider the above situation of a k-dimensional toric variety X^, globally generated line 
bundles C±,...,Ci such that —Kx s — £ is nef, where £ = ® l j =1 Cj, Cj being ample for j = 1 
Then the smooth TZc z xKM°- module (idc 2 xMir)*QDM(Xs,£) (i.e., the vector bundle over C z x KJ\A° 
together with its connection operator V ) underlies a variation of pure polarized non-commutative Hodge 
structures. 

Proof. The strictness of (j) as shown in Proposition 14.31 shows that D im{<jj) = <f> (GoA^ 0 ’-’®) , 

hence, by Corollary 14.41 </> (GoA/^ 0 ’-’-)) underlies a variation of pure polarized non-commutative Hodge 
structures on A 0 . Hence the assertion follows from the mirror statement of Theorem 14.51 □ 
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